Evgeny Epelbaum, RUB SFB 1245 Topical Lecture Week, IKP, TU Darmstadt
18.-20. August 2025

Effective theory of nuclear interactions

Concepts

Effective field theory, chiral perturbation theory, renormalization,
predictive power, KSW vs Weinberg, power counting...

Methods

Effective Lagrangian, heavy-baryon expansion, perturbative calculation
of the amplitude, methods to derive nuclear forces (and currents), ...
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Day 2

Part I: General introduction to EFT

DEVA
A

EFT philosophy, renormalization, power counting, construction principles...

Part Il: Chiral perturbation theory

Chiral symmetry, effective Lagrangian, chiral expansion, loops, inclusion of nucleons,

Part lll: Pionless EFT

Resummation of the amplitude, fine tuning, renormalization conditions, RG analysis,...
<

Part IV: Inclusion of pions

How to include pions non-perturbatively? Long-range physics and low-energy theorems

.

Part V: From £ . to nuclear forces

How to derive nuclear forces from the effective Lagrangian?

Part VI: Gradient flow method

How to introduce regularization in the way consistent with the symmetries?



V: From £+ to nuclear forces

How to derive nuclear forces from the effective Lagrangian?
What is the current state-of-the-art?

Outline

— Methods: S-matrix matching, TOPT, MUT, a path integral approach
— Example: chiral expansion of the 2m-exchange 3N force
— State-of-the-art for nuclear forces

Further reading

EE, PPNP 57 (2006) 654

EE, Hammer, MeiBner, RMP 81 (2009) 1773

Entem, Machleidt, Phys. Rept. 503 (2011) 1 T
EE, Krebs, Reinert, Front. In Phys. 8 (2020) 98

Krebs, EE, PRC 110 (2024) 044003



Ladder graphs are responsible for the failure of perturbation theory and must be re-summed:
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Lippmann-Schwinger equation derived in ChPT

Nuclear forces and currents = irreducible parts of the amplitude (scheme-dependent)

They can be derived using a variety of methods including [In all cases, utilize a perturba-tive
expansion within ChPT]:

— S-matrix matching Kaiser et al.

— time-ordered perturbation theory Pastore, Baroni, Schiavilla et al.

— method of unitary transformations (UTs) EE, Gléckle, MeiBner, Krebs, Kélling
— path integral approach Krebs, EE

More demanding than just calculating Feynman diagrams:
— need to subtract reducible pieces in order to avoid double counting
— have to deal with non-uniqueness of nuclear potentials
— maintaining renormalizability non-trivial...
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= higher-order terms in the Hamiltonian ,know"“ about the choice made for the off-
shell extension (consistency...)

S-matrix in ChPT is renormalizable (in the EFT sense). But this should not be taken for gran-
ted for the potentials... .
not necessarily
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Renormalization can be enforced by systematically exploiting unitary ambiguities...




4-dim integrals 3-dim integrals over spatial momenta
(Feynman diagrams) (Time-ordered diagrams)

— has been used by Weinberg in his original publications

— leads to energy-dependent potentials which are inconvenient for many-body calcula-
tions (the energy dependence can be eliminated)

— changes the normalization of few-nucleon states



Taketani, Mashida, Ohnuma’s2; Okubo '54; EE, Glockle, MeiBBner, Krebs, Kdlling, ...

e Canonical transformation and quantization: LN — HaN = 4+ _¥_ + ...

nucleonic states |N), |[INN), ...

v
~( mHn nHA [2) ): ( |¢) ) <«<—— can not solve
EOM: ( AHn  AHA ) ( ) " %) (infinite-dimensional eq.)
\ L

projectors states with mesons |Nw), |Nwm), ...

S - - m_ it ( mHn nHXY\  _ ( nHn 0
e Decouple pions via a suitable UT: H=U (/\Hn AHA)U_< 0 A\

n(l4+ ATA)~1/2  _AT(1 4+ AAT)-1/2

- S T — , A=)\A
Minimal parametrization of the UT. U ( A1+ ATA)-12 X1+ AANH=1/2 ) n

Okubo 54

Require: nAA=AAn=0 = [ \(H -[A, H] - AHA)3=0 |

The solution of the nonlinear decoupling equation, calculation of the UT and of the nuclear
potentials is carried out in perturbation theory (chiral expansion) EE, EPJA 34 (2007) 197

Notice: Similar methods are widely used in nuclear and many-body physics (Lee-Suzuki)



Pion-less EFT:
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Scattering amplitude to 1 loop:
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All [y-integrals factorize = Lippmann-Schwingereq. A=V +V Gy A with V = —Liy

But /,-integrals do not factorize for pions
due to /,-dependence of z-propagators...

ldea: Z[n',n] = A[@NTQZN@ﬂeXp(iSe’,}f + in4x[nTN+NTn])

instantaneous
Hermann Krebs, EE, 2311.10893

nonlocal redefinitions of N, N '

loops from functional determinant
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N2LO (Q3)

N3LO (Q?)

Bernard, EE, Krebs, MeiBner 08

N4LO (Q5)

Krebs, Gasparyan, EE 12
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— all LECs ¢; and e; are known from the Roy-Steiner-equation analysis of the zN system

— the results are only meaningful (converged) at small momenta = cutoff needed



Two-nucleon force Three-nucleon fo

rce

Four-nucleon force

-

Chiral dynamics: Long-range interactions are predicted in terms of on-shell amplitudes + +— "

Short-range few-N interactions are tuned to experimental data

L4
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Two-nucleon force xEFT as a precision tool in the 2N sector

— N4LO+: currently most accurate and precise
NN interactions on the market

— clear evidence of the TPEP from NN data

— almost no residual cutoff dependence

— Bayesian truncation-error estimation
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— Precision calculations for 2 nucleons:

g.~nN = 13.24 £0.04 Reinert, Krebs, EE *20

2
H_ +0.0015 . :
Far = 1.97297 76015 fM Filin etal., 21

Semi-local regularization in momentum space Reiner, Krebs, EE, EPJA 54 (2018) 86; PRL 126 (2021) 092501

o 2,2

o« TV p(p) -Lg
V =———— € A% 4 subtraction, V. = —J dup— e 2A° 4 subtractions

+ nonlocal (Gaussian) cutoff for contacts
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211, 31 NN force worked out to Q5 in HBChPT kaiser '00-'02, Entem et al.*15 + ROY-Steiner eq. analysis
Ruiz de Evira et al'15 10 €xtract LECs from N data = parameter-free long-range NN force

clear evidence of the TPEP from NN data Friar, van kolck, Rentmeester, Timmermans, Birse, McGovern, EE, Krebs, MeiBner
at N4LO+ as precise as CD Bonn & co. but less param.: 27 vs 40-50 (TPEP!) reinertetal., Rup et al.
full-fledged NN PWA using yEFT (data selection, statistical tests, error analysis) reinert et al.20
numerical consistency checks: natural LECs, weak residual A-dependence,

explicit renormalizability proof of finite-cutoff EFT for 2N at NLO, seetakby asnot RGI?77?

(Bayesian) uncertainty quantification suaeve, exm, ekstrom, ..

precision 2N physics, €.9.: g;xn = 13.24 = 0.04 Reinert, krebs, EE 20, rztlr{ = 1. 9729+8 88}; fmM Filin et ar., "21
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Where are calculations beyond N2LO?



Two-nucleon force Three-nucleon force Four-nucleon force

mixing DimReg with Cutoff violates y-symmetry (also for current operators)
= need to be re-derived using invariant cutoff regulator

Krebs, EE, PRC 110 (2024) 044004



Take-aways of part V

— nuclear forces can be derived from the effective Lagran-
gian using a variety of methods

— important to maintain consistency (nuclear potentials are
scheme dependent)

— regularization of 3NFs and currents beyond tree level is
nontrivial



VI: Gradient flow method

How to introduce a cutoff regulator in the way compatible
With the chiral (and gauge) symmetries?

Outline

— Statement of the problem
— Chiral gradient flow
— Applications

Further reading

Krebs, EE, PRC 110 (2024) 044004

DANGER: momentum cutoff for pions breaks chiral symmetry!

D. B. Kaplan ~ INT ~ 4/19/1¢&


https://en.wikipedia.org/wiki/Partial_differential_equation

ssence'of'the"problem

Faddeev equation for 3N scattering:
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derived using DimReg Bernard et al. ’08

4 - -
5> > q3 * 03
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absorbable into co: X-+| violates chiral symmetry

= mixing DimReg with Cutoff regularization breaks chiral symmetry ek, krebs, Reinert 19

= 3NF, 4NF & MECs beyond N2LO have to be re-derived using Cutoff Reg (2NF ok at fixed M)

Gradient flow as a symmetry-preserving regulator as suggested by David Kaplan




Gradient flows: methods for smoothing manifolds
(e.g., Ricci flow used in the proof of the Poincaré conjecture) OOO
Gradient flow as a regulator in field theory flow time
S P 0S[¢]
b G0 Hlow equation: - 5-¢(x.7) = 00(2) | 4(2) > p(am)
flow ,time" 7 subject to the boundary condition ¢(z,0) = ¢(z)
Free scalar field: Slgia) = UH(__)_(’*

/—/%

[0- = (0p0; — M)]p(z,7) =0 = ¢(z,7) = /d4y Glz—y,)o(y) = &(¢,7) = THg(g)
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Effective Lagrangian for Goldstone bosons

Pions transform nonlinearly under SU(2). x SU(2)r and via the adjoint irrep. of SU(2)v (i.e., R = L):

2

1 ™ 1
U(w) - RULT Urn) = 14+ =771 — — —a—71 -7’ + O(«*
() , () (B ()
% T —~— —
SU(2) matrices most general parametrization of an SU(2) matrix in terms of s

v, U = 8,U —ir,U +iUl,

F? - 1
€2 = TT[(V0)' VU - Ul =x'U] = Jm- (=& + M) + ..
in Euclidgan space x = 2B(s+ip) =8,0, =82+ V?

Effective Lagrangian for pions and nucleons

Generalization to N:  w(w) := VU, u— RuK'=KuL' with K(L,R,U)=VLURIRVU
Define [ccwz'e9) N — KN and introduce w, = iu!'V,Uu!, u, - Ku,K', ...
= LBy = N'(Dy+gu,S,)N + ...

First attempt: Higher-derivative regularization of EZE Slavnov '71

F? 1 1 -
e — LE)A = ITI“ {8MUT6_62/A28MU} = 57 Pe T Mr 4 Yok O,me O%/N2 9, + O(7°)

A
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(In the absence of external sources) AE = 1/(q2 + @?) e~ (@ +TH)/A? de-regularization...




Gradient flows: methods for smoothing manifolds
(e.g., Ricci flow used in the proof of the Poincaré conjecture)

i hlos

Gradient flow as a regulator in field theory flow time

05(¢]

. 9,
Flow equation: ——¢(z,7) = —

¢ (x,.7) or 0p(z) b(z)—d(x,7)
flow time* z subject to the boundary condition ¢(z,0) = ¢(x)
X0
0(r z2+am3:2

Free scalar field: G(2,7) = 10,972 e w
S ~ 2 2y ~

(0- = (830, — M?*)|¢(x,7) =0 = (z,7)= / dyGlz—y,1)ely) =  d(g,7) =TT g(q)
o

heat kernel

YM gradien’[ flOW Narayanan, Neuberger 06, Lischer, Weisz 11 (9TAM($, T) = D,,G,,M(QZ, 7') <« eXtenSively used in LQCD

Chiral gradient flow krebs, Eg, PRG 110 (2024) 044004 . ‘

[D“, w“} + %X,(T) — iTI'X—(T)

. f_%

Generalize U(z), U(z) = RU(z)Lt tO W(z,7): 9,W = —i_@gEOM(T) w, W(z,0)="U(z)
VW

We have proven V. W(z,7) € SU?2), W(x,7) — RW(z,7)L}



Solving the chiral gradient flow equation 0. = —iw EOM(7) w

most general parametrization of U: U 1+ ! —ﬂz o ! 2 4
J— : — —T - T — — —T ‘' TTT e
9 P Ia 2F?2 3

% 4(n)
— similarly, write W = 1 +it-¢ — ¢*> —iaT-¢p¢> + ... and make an ansatz ¢ = Z q;n

n=0

= recursive (perturbative) solution of the GF equation in 1/F
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p(x,7) = x + = +
—
0 EL' 0 S ?r
:xo .xo .yo lintegrated over y, vy, 5]
Glz,7) = 13:279‘ e

0, — (0%0% — M*? (1):):, =0 — . 2 g2
o } = ¢W(x,7) = / dyGla—y,nmly) = ¢ (¢7)=e TR
=TT
SMS regulator for 7 = 1/(2A3%)

= </5z()3)(m,7) :/ ds/d4?/ G(z —y, 7 — 5) RHSy(y, 5)
0

In momentum space, this solution takes the form:
1) o dig o M? ) o
&)= [ ]] L (2m)°0%(g — @1 — a2 — 4s) fallas}) |devqn - a3 = (1 = 20)q1 - go + ——(1 — da) | 7(ar) - 7(g2) T (gs)
= T -
e~ T(@+M?) _ o—T 5 (6 +M7)
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— The pion Lagrangian Z¥ is left unchanged

— Nucleons are defined to ,live“ at a fixed 7 > 0.

Remember cowz: u = \/U, u = V/RULT =: RuK', where K = VLU'RTR\/U. Then: N - KN.

Instead, we introduce N(r) via N — KN‘ . y-symmetry is preserved since W — RWLT.
U-W(r)

= BChPT using gradient flow regularization: £ = £ + £E(7), LEy(r)=LEy

—
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non-local (smeared) Lagrangian upon expressing in 7t’s

Local field theory in 5d Smeared (non-local) theory in 4d

K A A A

o)
k L/ J

A\ 4

3
~
[ —
~§
/
y—
|
1
1
|
S —
S —
|
1
1
|
e
1
-l

=1



unregularized
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The sum of two diagrams must be Q-independent

Unregularized expression for this 4NF EE, EPJA 34 (2007):

Olosirvi) = T1" TaTy * Ta Ga - o 53+ G5 51 - i
g OJT/~ L
VAN - e 01 q12
64FS (g7 + M?) (g + M?)(q? + M?)
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——

The sum of two diagrams must be Q-independent
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unregularized

——

The sum of two diagrams must be Q-independent

Regularized expression (ready to use in the A-body Schrodinger equation):

. .
g O[oz Ti,qi) S o 123 134 234 P 234
VN G- G (208 — 4f1° + 2
A 64F5 (G2 + M) (@2 + M?) (G2 + M?) | T (290 — 417 + 2/ ) =0
ga — 134
+20 -G (BM* + @+ G+ G+ G+ @ R
1 Q1( 41 T4 T 43 T Ay Q34>2M2—|—q1+q3—|—q42—q22
ga — 124
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| I
g 01 O[oi,n,cﬁ] 2 4 123
+ — — M Af3° —3 + 23 perm.,
oS F (77 7 3P + 3 e O ) | gﬁ :
(reduces to the unregularized result in the A — oo limit)
. L.
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RO ... <«— some purely pionic loops are divergent and require e.g. DR



Take-aways of part Vi

— taking nuclear potentials (and currents), derived using
DimReg, and putting an additional cutoff in the Schrod.
equation violates the chiral & gauge symmetries

= need to re-derive nuclear potentials using a symmetry-
preserving cutoff regulator

= merge Gradient Flow with chiral perturbation theory

— The future: Chiral EFT with consistently regularized
nuclear forces and currents (all symmetries intact!)

Thank you for your attention



