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Concepts

Methods

Effective field theory, chiral perturbation theory, renormalization, 
predictive power, KSW vs Weinberg, power counting…

Effective Lagrangian, heavy-baryon expansion, perturbative calculation 
of the amplitude, methods to derive nuclear forces (and currents), …
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Part II: Chiral perturbation theory

Part III: Pionless EFT

Part IV: Inclusion of pions

Part V: From  to nuclear forcesℒeff

Part I: General introduction to EFT
EFT philosophy, renormalization, power counting, construction principles… 

Chiral symmetry, effective Lagrangian, chiral expansion, loops, inclusion of nucleons, …

Resummation of the amplitude, fine tuning, renormalization conditions, RG analysis,…

How to include pions non-perturbatively? Long-range physics and low-energy theorems…

How to derive nuclear forces from the effective Lagrangian?

Part VI: Gradient flow method
How to introduce regularization in the way consistent with the symmetries?
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V: From    to nuclear forcesℒeff

Further reading
EE, PPNP 57 (2006) 654
EE, Hammer, Meißner, RMP 81 (2009) 1773 
Entem, Machleidt, Phys. Rept. 503 (2011) 1
EE, Krebs, Reinert, Front. In Phys. 8 (2020) 98
Krebs, EE, PRC 110 (2024) 044003

– Methods: S-matrix matching, TOPT, MUT, a path integral approach 
– Example: chiral expansion of the 2π-exchange 3N force 
– State-of-the-art for nuclear forces

Outline

How to derive nuclear forces from the effective Lagrangian?
What is the current state-of-the-art?



 Chiral EFT for nuclear systems
Ladder graphs are responsible for the failure of perturbation theory and must be re-summed:

Lippmann-Schwinger equation derived in ChPT

Nuclear forces and currents    irreducible parts of the amplitude  (scheme-dependent)=

They can be derived using a variety of methods including [In all cases, utilize a perturba-tive 
expansion within ChPT]:

— S-matrix matching Kaiser et al.  
— time-ordered perturbation theory Pastore, Baroni, Schiavilla et al. 
— method of unitary transformations (UTs) EE, Glöckle, Meißner, Krebs, Kölling

— path integral approach Krebs, EE

More demanding than just calculating Feynman diagrams:
— need to subtract reducible pieces in order to avoid double counting  
— have to deal with non-uniqueness of nuclear potentials 
— maintaining renormalizability non-trivial…



Matching to the amplitude Kaiser et al.

uniquely defined 
on-the-energy 

shell

(arbitrary) off-shell 
extension

 higher-order terms in the Hamiltonian „know“ about the choice made for the off-
shell extension (consistency...)

⇒

ChPT

define via matching

S-matrix in ChPT is renormalizable (in the EFT sense). But this should not be taken for gran-
ted for the potentials…

UV finite

not necessarily 
UV finite

 S-matrix matching

⇒

⇒

Renormalization can be enforced by systematically exploiting unitary ambiguities…



V1π G0 V1π

genuine two-pion exchange potential

 Time-ordered perturbation theory

4-dim integrals  
(Feynman diagrams)

3-dim integrals over spatial momenta 
(Time-ordered diagrams)

— has been used by Weinberg in his original publications

— leads to energy-dependent potentials which are inconvenient for many-body calcula- 
     tions  (the energy dependence can be eliminated)

— changes the normalization of few-nucleon states
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• Canonical transformation and quantization:

projectors states with mesons

nucleonic states

can not solve
(infinite-dimensional eq.)EOM:

 Method of Unitary Transformation

,Minimal parametrization of the UT:           
Okubo ’54

Require:

Notice: Similar methods are widely used in nuclear and many-body physics (Lee-Suzuki)

The solution of the nonlinear decoupling equation, calculation of the UT and of the nuclear 
potentials is carried out in perturbation theory (chiral expansion)  EE, EPJA 34 (2007) 197

• Decouple pions via a suitable UT:

⇒

Taketani, Mashida, Ohnuma’52;  Okubo ’54;  EE, Glöckle, Meißner, Krebs, Kölling, ... 



 Path-integral approach
Krebs, EE, PRC 110 (2024) 044003

Pion-less EFT:
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FIG. 1: Two examples of iterations of the LO equation.

with l, s,m, n = 1, 2. Note that the pseudoscalar piece of the leading-order NN Lagrangian
starts contributing at higher orders. The projected OPE potential has the following form,
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Equation (10) can be further reduced to the following partial wave equations
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where V sj
l0l (p

�, p) is the partial wave projected NN potential and p = |⇧p|, p� = |⇧p �|.
Standard ultraviolet (UV) counting shows that Eq. (10) has a milder UV behavior than

the corresponding LS equation, which corresponds to the leading-order term in the 1/m
expansion of the integrand in Eq. (10). Equation (10) is perturbatively renormalizable, i.e.
all UV divergences generated in iterations can be absorbed in parameters of the potential
of Eq. (11). Therefore it is free of the (perturbative) ”problems of consistency of Wein-
berg’s power counting” encountered in solving the corresponding LS equation [7, 8, 10]. In
particular, iterations of Eq. (10) generate diagrams which only contain overall logarithmic
divergences with coe�cients independent of momenta or the pion mass. For example, the
demonstrating diagram in Fig. (3a) of Ref. [10] contains an overall logarithmic divergence
⇥ M2 m2 and the diagram in Fig. (4) contains a logarithmic divergence ⇥ (pm)6. These
diagrams require higher-order counter-terms of the second and sixth order (and higher-order
iterations require higher-order counter-terms, up to infinity). The corresponding diagrams
generated by Eq. (10) are shown in Fig. 1 of this paper. They contain overall logarithmic
divergences, which do not depend on momenta or the pion mass and can be absorbed in the
redefinition of the parameters of the LO potential.

Further, to study the UV behavior in non-perturbative regime, we approximate the two-
nucleon propagator and Eq. (13) for k ⇤ ⌅ by
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But -integrals do not factorize for pions  
due to -dependence of -propagators…

l0
l0 π

Z[η†, η] = A∫ 𝒟N† 𝒟N 𝒟π exp(iSΛ
eff + i∫ d4x[η†N + N†η])

A∫ 𝒟Ñ† 𝒟Ñ exp(iSΛ
eff, N + i∫ d4x[η†Ñ + Ñ†η])nonlocal redefinitions of N, N†

SΛ
eff, N

instantaneousIdea:
Hermann Krebs, EE, 2311.10893

loops from functional determinant
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Scattering amplitude to 1 loop:

All -integrals factorize    Lippmann-Schwinger eq.                            with l0 ⇒
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 Example: -exchange 3NF2π
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ē14

2F 4
⇡

�
2M2

⇡
+ q2

2

�2

B
(5) =

g2
A
ē17

2F 4
⇡

�
2M2

⇡
+ q2

2

�
�

g2
A
c4

2304⇡2F 6
⇡

n
q2
2

⇥
5� 6L(q2)

⇤
+ 12M2

⇡

⇥
2 + 9g2

A
� 2L(q2)

⇤o

L = L
0

QCD
+ q̄(�µ⌫µ + �5�

µaµ � s� ip)q

h0, out|0, iniv,a,s,p = Z[v, a, s, p] =

Z
[DGµ][Dq][Dq̄] ei

R
d
4
xL(q,q̄,Gµ⌫ ; v,a,s,p)

���
low energy

=

Z
[DU ] ei

R
d
4
xLe↵(U ; v,a,s,p)

���
low energy

�!
M3

⇡

F 2
⇡

✓
M⇡

⇤b

◆s eNx

xk

�!
1

r3 F 2
⇡

✓
1

⇤br

◆s

⇠
1

r3+s

⇠
eNx

xk

1

L(q2) =

p
q2

2
+ 4M2

⇡

q2

log

p
q2

2
+ 4M2

⇡
+ q2

2M⇡

, (1)

A(q2) =
1

2q2

arctan
q2

2M⇡

. (2)

A
(3) =

g2

A

8F 4

⇡

h
(2c3 � 4c1)M

2

⇡
+ c3q

2

2

i
, B

(3) =
g2

A
c4

8F 4

⇡

(3)

A
(4) =

g4

A

256⇡F 6

⇡

h �
4g2

A
+ 1

�
M3

⇡
+ 2

�
g2

A
+ 1

�
M⇡q

2

2
+ A(q2)

�
2M4

⇡
+ 5M2

⇡
q2

2
+ 2q4

2

� i
(4)

B
(4) = �

g4

A

256⇡F 6

⇡

⇥
A(q2)

�
4M2

⇡
+ q2

2

�
+ (2g2

A
+ 1)M⇡

⇤

V3N =
~�1 · ~q1 ~�3 · ~q3

(q2

1
+ M2

⇡
) (q2

3
+ M2

⇡
)

h
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ~q1 ⇥ ~q3 · ~�2 B(q2)

i

+ short-range terms + permutations (5)

A
(5) =

g2

A

�
M2

⇡
+ 2q2

2

�

4608⇡2F 6

⇡

n⇥
6c1 � 2c2 � 3c3 � 2(6c1 � c2 � 3c3)L(q2)

⇤
12M2

⇡

� q2

2

⇥
5c2 + 18c3 � 6L(q2)(c2 + 6c3)

⇤o
+

g2

A
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Fig. 4 ChEFT predictions for the functionsA(q2) and B(q2)
that parametrize the longest-range behavior of the 3NF ac-
cording to Eq. (7). Green dashed, blue dashed-dotted and
red solid lines show the results at N2LO, N3LO and N4LO,
respectively.

inant order-Q3 contributions amount to about 30%.
The order-Q5 correction is very small for A(q2) and
amounts to less than 15% of the N2LO result for the
function B(q2). The observed convergence pattern for
A(q2) and B(q2) fits well with expectations based on
the power counting with the expansion parameter Q ⇠
max(M⇡, q2)/⇤b, see also the discussion in section 2.2.3,
and shows that the low-momentum structure of the
3NF can be described in ChEFT in a controlled and
systematically improvable fashion. Notice that in addi-
tion to the static contributions considered above, the
3NF of type (a) at N3LO receives non-local 1/mN cor-
rections of relativistic origin [66]. These have a much
richer operator structure than the static terms and also
do not involve unknown LECs.

Parameter-free predictions for the one-pion-two-pion
exchange and ring 3NF topologies corresponding to di-
agrams (b) and (c) in Fig. 3 can be found in Refs. [65,
68] and follow a qualitatively similar pattern. We also
emphasize that while the static two-pion exchange 3NF
has a rather restricted form described by just two func-
tions, the long-and intermediate-range topologies (a),
(b) and (c) contribute to all 20 operators Ô↵ that ap-
pear in the parametrization of the 3NF according to
Eq. (6). Interestingly, the results for the corresponding
functions f↵ appear to be qualitatively in line with esti-
mations based on the large-Nc expansion in QCD [109,
110].

As pointed out in the introduction, an intermediate
excitation of the nucleon into the �(1232) resonance
was historically recognized as one of the most important
3NF mechanisms and is at the heart of the celebrated
Fujita-Miyazawa 3NF model [2] as depicted in Fig. 1.
How can this important phenomenological insight be
reconciled with the framework of ChEFT? All results
discussed in this section are obtained using the ChEFT

formulation with pions and nucleons as the only explicit
degrees of freedom in the e↵ective Lagrangian. In such
a framework, the information about the � resonance is
included implicitly through its contributions to various
LECs. In particular, the LECs ci are largely governed
by the � resonance [125]:

c�2 = �c�3 = 2c�4 =
4h2

A

9(m� � mN )
' 2.7 GeV�1 , (14)

where m� refers to the mass of the � resonance while
hA ⇠ 1.34 is the N� axial coupling constant. Thus, the
� largely saturates the LECs c2 and c4, and provides
about a half of the c3-value, thereby o↵ering an expla-
nation of the somewhat large numerical values of these
LECs as compared with their expected size |ci| ⇠ ⇤�1

b .
This confirms that the intermediate � excitation in-
deed provides the dominant mechanism of the two-pion
exchange 3NF through Eqs. (9) and (14).

Given the strong coupling of the � isobar to the
⇡N system and the smallness of the mass di↵erence
m� � mN , which is numerically of the order of 2M⇡,
it may be advantageous to include the � isobar as an
explicit degree of freedom in the e↵ective Lagrangian
instead of integrating it out assuming m� � mN ⇠
⇤b, as done in the standard formulation of ChEFT. In
the �-full formulation of ChPT of Ref. [44], the mass
di↵erence m� � mN is treated as an additional soft
scale m� � mN ⇠ M⇡

6 (in spite of the fact that this
quantity does not vanish in the chiral limit). Accord-
ingly, the � isobar is treated explicitly in the e↵ec-
tive Lagrangian, and the new expansion parameter is
denoted as ✏ 2 {p/⇤b,M⇡/⇤b, (m� � mN )/⇤b}. Ex-
tensive studies in the single-nucleon sector using man-
ifestly covariant formulations of ChPT have revealed
that the explicit treatment of the � isobar indeed of-
ten leads to an improved convergence of the EFT ex-
pansion, see e.g. Refs. [123,126,127,128], albeit at the
cost of more involved calculations and a larger num-
ber of LECs. Similar conclusions have been reached
for the NN force using the HB formulation of �-full
ChEFT, for which the expressions are presently avail-
able up through N2LO ✏3 [56,73,129]. Isospin-breaking
contributions to the NN potential have also been con-
sidered within the ✏-expansion scheme [130].

The explicit treatment of the � isobar also has im-
plications for the 3NF. In particular, the dominant Fuji-
ta-Miyazawa-type contribution is shifted from N2LO to
NLO in the �-full scheme, since the diagram in Fig. 1
counts as of order ✏2. Interestingly, this is the the only
contribution of the � to the 3NF up-to-and-including
the order N2LO (i.e., ✏3) [131]. Recently, the longest-
range 3NF of type (a) in Fig. 3 has been worked out at

6For an alternative counting of m� �mN see Ref. [45].
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Fig. 4 ChEFT predictions for the functionsA(q2) and B(q2)
that parametrize the longest-range behavior of the 3NF ac-
cording to Eq. (7). Green dashed, blue dashed-dotted and
red solid lines show the results at N2LO, N3LO and N4LO,
respectively.

inant order-Q3 contributions amount to about 30%.
The order-Q5 correction is very small for A(q2) and
amounts to less than 15% of the N2LO result for the
function B(q2). The observed convergence pattern for
A(q2) and B(q2) fits well with expectations based on
the power counting with the expansion parameter Q ⇠
max(M⇡, q2)/⇤b, see also the discussion in section 2.2.3,
and shows that the low-momentum structure of the
3NF can be described in ChEFT in a controlled and
systematically improvable fashion. Notice that in addi-
tion to the static contributions considered above, the
3NF of type (a) at N3LO receives non-local 1/mN cor-
rections of relativistic origin [66]. These have a much
richer operator structure than the static terms and also
do not involve unknown LECs.

Parameter-free predictions for the one-pion-two-pion
exchange and ring 3NF topologies corresponding to di-
agrams (b) and (c) in Fig. 3 can be found in Refs. [65,
68] and follow a qualitatively similar pattern. We also
emphasize that while the static two-pion exchange 3NF
has a rather restricted form described by just two func-
tions, the long-and intermediate-range topologies (a),
(b) and (c) contribute to all 20 operators Ô↵ that ap-
pear in the parametrization of the 3NF according to
Eq. (6). Interestingly, the results for the corresponding
functions f↵ appear to be qualitatively in line with esti-
mations based on the large-Nc expansion in QCD [109,
110].

As pointed out in the introduction, an intermediate
excitation of the nucleon into the �(1232) resonance
was historically recognized as one of the most important
3NF mechanisms and is at the heart of the celebrated
Fujita-Miyazawa 3NF model [2] as depicted in Fig. 1.
How can this important phenomenological insight be
reconciled with the framework of ChEFT? All results
discussed in this section are obtained using the ChEFT

formulation with pions and nucleons as the only explicit
degrees of freedom in the e↵ective Lagrangian. In such
a framework, the information about the � resonance is
included implicitly through its contributions to various
LECs. In particular, the LECs ci are largely governed
by the � resonance [125]:

c�2 = �c�3 = 2c�4 =
4h2

A
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' 2.7 GeV�1 , (14)

where m� refers to the mass of the � resonance while
hA ⇠ 1.34 is the N� axial coupling constant. Thus, the
� largely saturates the LECs c2 and c4, and provides
about a half of the c3-value, thereby o↵ering an expla-
nation of the somewhat large numerical values of these
LECs as compared with their expected size |ci| ⇠ ⇤�1

b .
This confirms that the intermediate � excitation in-
deed provides the dominant mechanism of the two-pion
exchange 3NF through Eqs. (9) and (14).

Given the strong coupling of the � isobar to the
⇡N system and the smallness of the mass di↵erence
m� � mN , which is numerically of the order of 2M⇡,
it may be advantageous to include the � isobar as an
explicit degree of freedom in the e↵ective Lagrangian
instead of integrating it out assuming m� � mN ⇠
⇤b, as done in the standard formulation of ChEFT. In
the �-full formulation of ChPT of Ref. [44], the mass
di↵erence m� � mN is treated as an additional soft
scale m� � mN ⇠ M⇡

6 (in spite of the fact that this
quantity does not vanish in the chiral limit). Accord-
ingly, the � isobar is treated explicitly in the e↵ec-
tive Lagrangian, and the new expansion parameter is
denoted as ✏ 2 {p/⇤b,M⇡/⇤b, (m� � mN )/⇤b}. Ex-
tensive studies in the single-nucleon sector using man-
ifestly covariant formulations of ChPT have revealed
that the explicit treatment of the � isobar indeed of-
ten leads to an improved convergence of the EFT ex-
pansion, see e.g. Refs. [123,126,127,128], albeit at the
cost of more involved calculations and a larger num-
ber of LECs. Similar conclusions have been reached
for the NN force using the HB formulation of �-full
ChEFT, for which the expressions are presently avail-
able up through N2LO ✏3 [56,73,129]. Isospin-breaking
contributions to the NN potential have also been con-
sidered within the ✏-expansion scheme [130].

The explicit treatment of the � isobar also has im-
plications for the 3NF. In particular, the dominant Fuji-
ta-Miyazawa-type contribution is shifted from N2LO to
NLO in the �-full scheme, since the diagram in Fig. 1
counts as of order ✏2. Interestingly, this is the the only
contribution of the � to the 3NF up-to-and-including
the order N2LO (i.e., ✏3) [131]. Recently, the longest-
range 3NF of type (a) in Fig. 3 has been worked out at

6For an alternative counting of m� �mN see Ref. [45].
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ē17

2F 4
⇡

�
2M2

⇡
+ q2

2

�
�

g2
A
c4

2304⇡2F 6
⇡

n
q2
2

⇥
5� 6L(q2)

⇤
+ 12M2

⇡

⇥
2 + 9g2

A
� 2L(q2)

⇤o

L = L
0

QCD
+ q̄(�µ⌫µ + �5�

µaµ � s� ip)q

h0, out|0, iniv,a,s,p = Z[v, a, s, p] =

Z
[DGµ][Dq][Dq̄] ei

R
d
4
xL(q,q̄,Gµ⌫ ; v,a,s,p)

���
low energy

1

A
(3) +A

(4) +A
(5)

B
(3) + B

(4) + B
(5)

L(q2) =

p
q2
2
+ 4M2

⇡

q2
log

p
q2
2
+ 4M2

⇡
+ q2

2M⇡

, (1)

A(q2) =
1

2q2
arctan

q2
2M⇡

. (2)

A
(3) =

g2
A

8F 4
⇡

h
(2c3 � 4c1)M

2

⇡
+ c3q

2

2

i
, B

(3) =
g2
A
c4

8F 4
⇡

(3)

A
(4) =

g4
A

256⇡F 6
⇡

h �
4g2

A
+ 1

�
M3

⇡
+ 2

�
g2
A
+ 1

�
M⇡q

2

2
+ A(q2)

�
2M4

⇡
+ 5M2

⇡
q2
2
+ 2q4

2

� i
(4)

B
(4) = �

g4
A

256⇡F 6
⇡

⇥
A(q2)

�
4M2

⇡
+ q2

2

�
+ (2g2

A
+ 1)M⇡

⇤

V3N =
~�1 · ~q1 ~�3 · ~q3

(q2
1
+M2

⇡
) (q2

3
+M2

⇡
)

h
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ~q1 ⇥ ~q3 · ~�2 B(q2)

i

+ short-range terms + permutations (5)

A
(5) =

g2
A

�
M2

⇡
+ 2q2

2

�

4608⇡2F 6
⇡

n⇥
6c1 � 2c2 � 3c3 � 2(6c1 � c2 � 3c3)L(q2)

⇤
12M2

⇡

� q2
2

⇥
5c2 + 18c3 � 6L(q2)(c2 + 6c3)

⇤o
+

g2
A
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ē14

2F 4
⇡

�
2M2

⇡
+ q2

2

�2

B
(5) =

g2
A
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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Chiral dynamics:  Long-range interactions are predicted in terms of on-shell amplitudes

Short-range few-N interactions are tuned to experimental data
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χEFT as a precision tool in the 2N sector

Proton-proton,

 MeVElab = 143
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d⌦
at Elab = 144.1 MeV with experimental data taken from Ref. [134] and Ref. [141]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [142]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [143]
and [144]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [129].

the spectroscopic LECs. If we now divide the contact LECs obtained in the fit by their expected sizes in
Eq. (46), we consequently should obtain values of unit magnitude. Fig. 7 shows the absolute values of the
LECs at N4LO+ in these natural units for all considered values of the cutoff ⇤ using ⇤b = 650 MeV. As
can be seen, all LECs are indeed of natural size with D1S0 and D3S1 being among the largest in magnitude.
This is especially true for the softest cutoff ⇤ = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at ⇤ = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
going from C̃i, Ci, Di to Ei the statistical relative errors tend to increase. This is in accordance with the
decreasing importance of higher-order contributions as predicted by power counting. One also notices
that errors are smaller for LECs entering isovector partial waves, because these parameters are mainly
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d⌦
at Elab = 144.1 MeV with experimental data taken from Ref. [134] and Ref. [141]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [142]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [143]
and [144]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [129].

the spectroscopic LECs. If we now divide the contact LECs obtained in the fit by their expected sizes in
Eq. (46), we consequently should obtain values of unit magnitude. Fig. 7 shows the absolute values of the
LECs at N4LO+ in these natural units for all considered values of the cutoff ⇤ using ⇤b = 650 MeV. As
can be seen, all LECs are indeed of natural size with D1S0 and D3S1 being among the largest in magnitude.
This is especially true for the softest cutoff ⇤ = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at ⇤ = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
going from C̃i, Ci, Di to Ei the statistical relative errors tend to increase. This is in accordance with the
decreasing importance of higher-order contributions as predicted by power counting. One also notices
that errors are smaller for LECs entering isovector partial waves, because these parameters are mainly
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— N4LO+: currently most accurate and precise 
     NN interactions on the market 
— clear evidence of the TPEP from NN data
— almost no residual cutoff dependence
— Bayesian truncation-error estimation 

  Reinert, Krebs, EE ’20  

 fm  Filin et al., ’21

gπNN = 13.24 ± 0.04

r2H
str = 1.9729+0.0015

−0.0012

— Precision calculations for 2 nucleons: 

N2LO

N3LO

N4LO

LO:

NLO:

N2LO:

N3LO:

N4LO:

Semi-local regularization in momentum space  Reinert, Krebs, EE, EPJA 54 (2018) 86;  PRL 126 (2021) 092501

V1π(q) =
α

⃗q2 + M2
π

V2π(q) =
2
π ∫

∞

2Mπ

dμμ
ρ(μ)
⃗q2 + μ2

e− ⃗q2 + M2π
Λ2 + subtraction, e− ⃗q2 + μ2

2Λ2 + subtractions

+ nonlocal (Gaussian) cutoff for contacts
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d�
at Elab = 144.1 MeV with experimental data taken from Ref. [135] and Ref. [142]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [143]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [144]
and [145]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [130].

where the LECs C̃i, Ci, Di and Ei start to contribute at order Q0, Q2, Q4 and Q6, respectively. �b is
the breakdown scale of the chiral expansion discussed in Sec. 5. Furthermore, the factor of 4� emerges
from the angular integration of the partial-wave decomposition and has been included in the definition of
the spectroscopic LECs. If we now divide the contact LECs obtained in the fit by their expected sizes in
Eq. (46), we consequently should obtain values of unit magnitude. Fig. 7 shows the absolute values of the
LECs at N4LO+ in these natural units for all considered values of the cutoff � using �b = 650 MeV. As
can be seen, all LECs are indeed of natural size with D1S0 and D3S1 being among the largest in magnitude.
This is especially true for the softest cutoff � = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at � = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d�
at Elab = 144.1 MeV with experimental data taken from Ref. [135] and Ref. [142]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [143]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [144]
and [145]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [130].

where the LECs C̃i, Ci, Di and Ei start to contribute at order Q0, Q2, Q4 and Q6, respectively. �b is
the breakdown scale of the chiral expansion discussed in Sec. 5. Furthermore, the factor of 4� emerges
from the angular integration of the partial-wave decomposition and has been included in the definition of
the spectroscopic LECs. If we now divide the contact LECs obtained in the fit by their expected sizes in
Eq. (46), we consequently should obtain values of unit magnitude. Fig. 7 shows the absolute values of the
LECs at N4LO+ in these natural units for all considered values of the cutoff � using �b = 650 MeV. As
can be seen, all LECs are indeed of natural size with D1S0 and D3S1 being among the largest in magnitude.
This is especially true for the softest cutoff � = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at � = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
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Fig. 2 Proton-proton di↵erential cross section at Elab =
144.1 MeV (left panel) and the analyzing power P at Elab =
142 MeV (right panel) at N2LO (green bands), N3LO (blue
bands) and N4LO+ (red bands) in ChEFT. Dark- and light-
shaded bands show 1� and 2� confidence levels at the cor-
responding order, respectively, estimated using the Bayesian
model C̄650

0.5�10 from Ref. [103]. Experimental data are shown
by filled symbols and taken from Refs. [105,106,107]. Open
circles are the results of the Nijmegen partial wave analysis
[108]. See Ref. [51] for more details.

approach developed in Ref. [101] to “learn” the con-
vergence rate of ChEFT from the available results at
di↵erent orders. Then, performing marginalization over
the posterior distributions of the neglected higher-order
terms, one can estimate the truncation error at a given
confidence level. For the considered example, one finds
using the Bayesian model C̄650

0.5�10 from Ref. [103] the
final result of �tot = 74.35 ± 0.14 mb at the 1� (68%)
confidence level. The Bayesian approach outlined above
can be straightforwardly applied to angular distribu-
tions [103,104], see Fig. 2 for representative examples,
3N scattering observables as well as properties of nuclei
and nuclear matter.

2.2.4 Chiral expansion of the 3NF

We now turn to the main subject of this article and
review the applications of ChEFT to the 3NF. It is in-
structive to first discuss the most general structure of a
3NF. In the static limit of infinitely heavy nucleons, the
potentials mediated by the exchange of one or multiple
pions take a local form, i.e. they depend only on the mo-
mentum transfers ~qi and not on the individual momenta
~pi, ~p 0

i of the nucleons. Assuming parity, time-reversal in-
variance and isospin symmetry, the most general local
3NF can be written as [109,110]

V3N =
20X

↵=1

Ô↵ f↵(q1, q2, q3) + permutations , (6)

where qi ⌘ |~qi |, Ô↵, are rotationally and isospin-inva-
riant Hermitian operators constructed out of ~�i, ⌧ i and
~qi, while f↵ are the corresponding scalar functions. Upon

performing the permutations, the 20 operators Ô↵ give
rise to 80 di↵erent spin-isospin-momentum structures.
When relaxing the locality constraint, the structure of
the 3NF becomes more involved, comprising 320 spin-
isospin-momentum operators [111]. This enormous com-
plexity of three-nucleon interactions, along with the sig-
nificant computational e↵ort needed to solve the three-
body Faddeev equations, make the development of high-
precision 3NF models a challenging task that requires
a guidance from theory to constrain the structure and
identify the dominant contributions. ChEFT is well su-
ited to tackle the 3NF challenge by predicting its long-
distance behavior in a parameter-free and model inde-
pendent way and o↵ering a systematic scheme for classi-
fying short-range 3N interactions according to their im-
portance. Based on the e↵ective Lagrangian for pions,
nucleons and external sources, ChEFT also naturally al-
lows one to maintain o↵-shell consistency between NN
potentials, 3NFs and the corresponding current opera-
tors as discussed in section 2.2.2.

Up-to-and-including N4LO, the 3NF is given by tree-
level and one-loop diagrams, which can be grouped into
six distinct topologies depicted in the left column of
Fig. 3. In this figure, solid dots, filled circles and filled
squares denote vertices from the e↵ective Lagrangians
of the dimension � = 0, � = 1 and � = 2, respectively,
defined as � = d+ 1

2n � 2 with d being the number of
derivatives or M⇡-insertions and n the number of nu-
cleon fields [6].

The leading 3NF contributions arise at N2LO3 from
tree-level diagrams contributing to the topologies (a),
(d) and (f), which are made out of the � = 0-vertices
and a single insertion of a � = 1 interaction [112,113].
The short-range topologies (d) and (f) depend on the
LECs cD and cE , respectively, which cannot be fixed in
the NN system.

The first corrections to the leading 3NF are gener-
ated by one-loop graphs made out of the lowest-order
vertices with � = 0, see the third column in Fig. 3
for representative examples. Here, the shown diagrams
represent sets of irreducible time-ordered-like graphs,
whose precise meaning (and the corresponding alge-
braic expressions) depend on the employed choice for
the o↵-shell part of the NN and 3N potentials. For ex-
ample, the 3NF from the first of the two three-pion
exchange diagrams of type (c) depends on the (ambigu-
ous) choice made for the 1/m2

N -correction to the OPE

3Tree-level Feynman diagrams made solely from the � = 0-
vertices may potentially contribute to the 3NF at order Q2

(NLO) [6,47]. However, it is well known that the correspond-
ing irreducible pieces, which would have been identified with
the 3NF, vanish in the static limit (provided one works with
energy-independent potentials) [112,113,8,80], see Ref. [114]
for a related discussion.

—  2π, 3π NN force worked out to Q5 in HBChPT Kaiser ’00-’02, Entem et al. ’15 + Roy-Steiner eq. analysis 
      Ruiz de Elvira et al.’15 to extract LECs from πN data   parameter-free long-range NN force⇒
—  clear evidence of the TPEP from NN data Friar, van Kolck, Rentmeester, Timmermans, Birse, McGovern, EE, Krebs, Meißner

—  at N4LO+ as precise as CD Bonn & co. but less param.: 27 vs 40-50 (TPEP!) Reinert et al., Rup et al.

—  full-fledged NN PWA using χEFT (data selection, statistical tests, error analysis) Reinert et al.’20

—  numerical consistency checks: natural LECs, weak residual Λ-dependence, …

—  explicit renormalizability proof of finite-cutoff EFT for 2N at NLO, see talk by Ashot    RGI???

  precision 2N physics, e.g.:  Reinert, Krebs, EE ’20,  fm Filin et al., ’21⇒ gπNN = 13.24 ± 0.04 r2H
str = 1.9729+0.0015
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d⌦
at Elab = 144.1 MeV with experimental data taken from Ref. [134] and Ref. [141]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [142]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [143]
and [144]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [129].

the spectroscopic LECs. If we now divide the contact LECs obtained in the fit by their expected sizes in
Eq. (46), we consequently should obtain values of unit magnitude. Fig. 7 shows the absolute values of the
LECs at N4LO+ in these natural units for all considered values of the cutoff ⇤ using ⇤b = 650 MeV. As
can be seen, all LECs are indeed of natural size with D1S0 and D3S1 being among the largest in magnitude.
This is especially true for the softest cutoff ⇤ = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at ⇤ = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
going from C̃i, Ci, Di to Ei the statistical relative errors tend to increase. This is in accordance with the
decreasing importance of higher-order contributions as predicted by power counting. One also notices
that errors are smaller for LECs entering isovector partial waves, because these parameters are mainly
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d�
at Elab = 144.1 MeV with experimental data taken from Ref. [135] and Ref. [142]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [143]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [144]
and [145]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [130].

where the LECs C̃i, Ci, Di and Ei start to contribute at order Q0, Q2, Q4 and Q6, respectively. �b is
the breakdown scale of the chiral expansion discussed in Sec. 5. Furthermore, the factor of 4� emerges
from the angular integration of the partial-wave decomposition and has been included in the definition of
the spectroscopic LECs. If we now divide the contact LECs obtained in the fit by their expected sizes in
Eq. (46), we consequently should obtain values of unit magnitude. Fig. 7 shows the absolute values of the
LECs at N4LO+ in these natural units for all considered values of the cutoff � using �b = 650 MeV. As
can be seen, all LECs are indeed of natural size with D1S0 and D3S1 being among the largest in magnitude.
This is especially true for the softest cutoff � = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at � = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d�
at Elab = 144.1 MeV with experimental data taken from Ref. [135] and Ref. [142]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [143]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [144]
and [145]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [130].

where the LECs C̃i, Ci, Di and Ei start to contribute at order Q0, Q2, Q4 and Q6, respectively. �b is
the breakdown scale of the chiral expansion discussed in Sec. 5. Furthermore, the factor of 4� emerges
from the angular integration of the partial-wave decomposition and has been included in the definition of
the spectroscopic LECs. If we now divide the contact LECs obtained in the fit by their expected sizes in
Eq. (46), we consequently should obtain values of unit magnitude. Fig. 7 shows the absolute values of the
LECs at N4LO+ in these natural units for all considered values of the cutoff � using �b = 650 MeV. As
can be seen, all LECs are indeed of natural size with D1S0 and D3S1 being among the largest in magnitude.
This is especially true for the softest cutoff � = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at � = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
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Fig. 2 Proton-proton di↵erential cross section at Elab =
144.1 MeV (left panel) and the analyzing power P at Elab =
142 MeV (right panel) at N2LO (green bands), N3LO (blue
bands) and N4LO+ (red bands) in ChEFT. Dark- and light-
shaded bands show 1� and 2� confidence levels at the cor-
responding order, respectively, estimated using the Bayesian
model C̄650

0.5�10 from Ref. [103]. Experimental data are shown
by filled symbols and taken from Refs. [105,106,107]. Open
circles are the results of the Nijmegen partial wave analysis
[108]. See Ref. [51] for more details.

approach developed in Ref. [101] to “learn” the con-
vergence rate of ChEFT from the available results at
di↵erent orders. Then, performing marginalization over
the posterior distributions of the neglected higher-order
terms, one can estimate the truncation error at a given
confidence level. For the considered example, one finds
using the Bayesian model C̄650

0.5�10 from Ref. [103] the
final result of �tot = 74.35 ± 0.14 mb at the 1� (68%)
confidence level. The Bayesian approach outlined above
can be straightforwardly applied to angular distribu-
tions [103,104], see Fig. 2 for representative examples,
3N scattering observables as well as properties of nuclei
and nuclear matter.

2.2.4 Chiral expansion of the 3NF

We now turn to the main subject of this article and
review the applications of ChEFT to the 3NF. It is in-
structive to first discuss the most general structure of a
3NF. In the static limit of infinitely heavy nucleons, the
potentials mediated by the exchange of one or multiple
pions take a local form, i.e. they depend only on the mo-
mentum transfers ~qi and not on the individual momenta
~pi, ~p 0

i of the nucleons. Assuming parity, time-reversal in-
variance and isospin symmetry, the most general local
3NF can be written as [109,110]

V3N =
20X

↵=1

Ô↵ f↵(q1, q2, q3) + permutations , (6)

where qi ⌘ |~qi |, Ô↵, are rotationally and isospin-inva-
riant Hermitian operators constructed out of ~�i, ⌧ i and
~qi, while f↵ are the corresponding scalar functions. Upon

performing the permutations, the 20 operators Ô↵ give
rise to 80 di↵erent spin-isospin-momentum structures.
When relaxing the locality constraint, the structure of
the 3NF becomes more involved, comprising 320 spin-
isospin-momentum operators [111]. This enormous com-
plexity of three-nucleon interactions, along with the sig-
nificant computational e↵ort needed to solve the three-
body Faddeev equations, make the development of high-
precision 3NF models a challenging task that requires
a guidance from theory to constrain the structure and
identify the dominant contributions. ChEFT is well su-
ited to tackle the 3NF challenge by predicting its long-
distance behavior in a parameter-free and model inde-
pendent way and o↵ering a systematic scheme for classi-
fying short-range 3N interactions according to their im-
portance. Based on the e↵ective Lagrangian for pions,
nucleons and external sources, ChEFT also naturally al-
lows one to maintain o↵-shell consistency between NN
potentials, 3NFs and the corresponding current opera-
tors as discussed in section 2.2.2.

Up-to-and-including N4LO, the 3NF is given by tree-
level and one-loop diagrams, which can be grouped into
six distinct topologies depicted in the left column of
Fig. 3. In this figure, solid dots, filled circles and filled
squares denote vertices from the e↵ective Lagrangians
of the dimension � = 0, � = 1 and � = 2, respectively,
defined as � = d+ 1

2n � 2 with d being the number of
derivatives or M⇡-insertions and n the number of nu-
cleon fields [6].

The leading 3NF contributions arise at N2LO3 from
tree-level diagrams contributing to the topologies (a),
(d) and (f), which are made out of the � = 0-vertices
and a single insertion of a � = 1 interaction [112,113].
The short-range topologies (d) and (f) depend on the
LECs cD and cE , respectively, which cannot be fixed in
the NN system.

The first corrections to the leading 3NF are gener-
ated by one-loop graphs made out of the lowest-order
vertices with � = 0, see the third column in Fig. 3
for representative examples. Here, the shown diagrams
represent sets of irreducible time-ordered-like graphs,
whose precise meaning (and the corresponding alge-
braic expressions) depend on the employed choice for
the o↵-shell part of the NN and 3N potentials. For ex-
ample, the 3NF from the first of the two three-pion
exchange diagrams of type (c) depends on the (ambigu-
ous) choice made for the 1/m2

N -correction to the OPE

3Tree-level Feynman diagrams made solely from the � = 0-
vertices may potentially contribute to the 3NF at order Q2

(NLO) [6,47]. However, it is well known that the correspond-
ing irreducible pieces, which would have been identified with
the 3NF, vanish in the static limit (provided one works with
energy-independent potentials) [112,113,8,80], see Ref. [114]
for a related discussion.
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d�
at Elab = 144.1 MeV with experimental data taken from Ref. [135] and Ref. [142]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [143]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [144]
and [145]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [130].

where the LECs C̃i, Ci, Di and Ei start to contribute at order Q0, Q2, Q4 and Q6, respectively. �b is
the breakdown scale of the chiral expansion discussed in Sec. 5. Furthermore, the factor of 4� emerges
from the angular integration of the partial-wave decomposition and has been included in the definition of
the spectroscopic LECs. If we now divide the contact LECs obtained in the fit by their expected sizes in
Eq. (46), we consequently should obtain values of unit magnitude. Fig. 7 shows the absolute values of the
LECs at N4LO+ in these natural units for all considered values of the cutoff � using �b = 650 MeV. As
can be seen, all LECs are indeed of natural size with D1S0 and D3S1 being among the largest in magnitude.
This is especially true for the softest cutoff � = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at � = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d�
at Elab = 144.1 MeV with experimental data taken from Ref. [135] and Ref. [142]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [143]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [144]
and [145]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [130].

where the LECs C̃i, Ci, Di and Ei start to contribute at order Q0, Q2, Q4 and Q6, respectively. �b is
the breakdown scale of the chiral expansion discussed in Sec. 5. Furthermore, the factor of 4� emerges
from the angular integration of the partial-wave decomposition and has been included in the definition of
the spectroscopic LECs. If we now divide the contact LECs obtained in the fit by their expected sizes in
Eq. (46), we consequently should obtain values of unit magnitude. Fig. 7 shows the absolute values of the
LECs at N4LO+ in these natural units for all considered values of the cutoff � using �b = 650 MeV. As
can be seen, all LECs are indeed of natural size with D1S0 and D3S1 being among the largest in magnitude.
This is especially true for the softest cutoff � = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at � = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
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Fig. 2 Proton-proton di↵erential cross section at Elab =
144.1 MeV (left panel) and the analyzing power P at Elab =
142 MeV (right panel) at N2LO (green bands), N3LO (blue
bands) and N4LO+ (red bands) in ChEFT. Dark- and light-
shaded bands show 1� and 2� confidence levels at the cor-
responding order, respectively, estimated using the Bayesian
model C̄650

0.5�10 from Ref. [103]. Experimental data are shown
by filled symbols and taken from Refs. [105,106,107]. Open
circles are the results of the Nijmegen partial wave analysis
[108]. See Ref. [51] for more details.

approach developed in Ref. [101] to “learn” the con-
vergence rate of ChEFT from the available results at
di↵erent orders. Then, performing marginalization over
the posterior distributions of the neglected higher-order
terms, one can estimate the truncation error at a given
confidence level. For the considered example, one finds
using the Bayesian model C̄650

0.5�10 from Ref. [103] the
final result of �tot = 74.35 ± 0.14 mb at the 1� (68%)
confidence level. The Bayesian approach outlined above
can be straightforwardly applied to angular distribu-
tions [103,104], see Fig. 2 for representative examples,
3N scattering observables as well as properties of nuclei
and nuclear matter.

2.2.4 Chiral expansion of the 3NF

We now turn to the main subject of this article and
review the applications of ChEFT to the 3NF. It is in-
structive to first discuss the most general structure of a
3NF. In the static limit of infinitely heavy nucleons, the
potentials mediated by the exchange of one or multiple
pions take a local form, i.e. they depend only on the mo-
mentum transfers ~qi and not on the individual momenta
~pi, ~p 0

i of the nucleons. Assuming parity, time-reversal in-
variance and isospin symmetry, the most general local
3NF can be written as [109,110]

V3N =
20X

↵=1

Ô↵ f↵(q1, q2, q3) + permutations , (6)

where qi ⌘ |~qi |, Ô↵, are rotationally and isospin-inva-
riant Hermitian operators constructed out of ~�i, ⌧ i and
~qi, while f↵ are the corresponding scalar functions. Upon

performing the permutations, the 20 operators Ô↵ give
rise to 80 di↵erent spin-isospin-momentum structures.
When relaxing the locality constraint, the structure of
the 3NF becomes more involved, comprising 320 spin-
isospin-momentum operators [111]. This enormous com-
plexity of three-nucleon interactions, along with the sig-
nificant computational e↵ort needed to solve the three-
body Faddeev equations, make the development of high-
precision 3NF models a challenging task that requires
a guidance from theory to constrain the structure and
identify the dominant contributions. ChEFT is well su-
ited to tackle the 3NF challenge by predicting its long-
distance behavior in a parameter-free and model inde-
pendent way and o↵ering a systematic scheme for classi-
fying short-range 3N interactions according to their im-
portance. Based on the e↵ective Lagrangian for pions,
nucleons and external sources, ChEFT also naturally al-
lows one to maintain o↵-shell consistency between NN
potentials, 3NFs and the corresponding current opera-
tors as discussed in section 2.2.2.

Up-to-and-including N4LO, the 3NF is given by tree-
level and one-loop diagrams, which can be grouped into
six distinct topologies depicted in the left column of
Fig. 3. In this figure, solid dots, filled circles and filled
squares denote vertices from the e↵ective Lagrangians
of the dimension � = 0, � = 1 and � = 2, respectively,
defined as � = d+ 1

2n � 2 with d being the number of
derivatives or M⇡-insertions and n the number of nu-
cleon fields [6].

The leading 3NF contributions arise at N2LO3 from
tree-level diagrams contributing to the topologies (a),
(d) and (f), which are made out of the � = 0-vertices
and a single insertion of a � = 1 interaction [112,113].
The short-range topologies (d) and (f) depend on the
LECs cD and cE , respectively, which cannot be fixed in
the NN system.

The first corrections to the leading 3NF are gener-
ated by one-loop graphs made out of the lowest-order
vertices with � = 0, see the third column in Fig. 3
for representative examples. Here, the shown diagrams
represent sets of irreducible time-ordered-like graphs,
whose precise meaning (and the corresponding alge-
braic expressions) depend on the employed choice for
the o↵-shell part of the NN and 3N potentials. For ex-
ample, the 3NF from the first of the two three-pion
exchange diagrams of type (c) depends on the (ambigu-
ous) choice made for the 1/m2

N -correction to the OPE

3Tree-level Feynman diagrams made solely from the � = 0-
vertices may potentially contribute to the 3NF at order Q2

(NLO) [6,47]. However, it is well known that the correspond-
ing irreducible pieces, which would have been identified with
the 3NF, vanish in the static limit (provided one works with
energy-independent potentials) [112,113,8,80], see Ref. [114]
for a related discussion.
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Fig. 5 ChEFT predictions for the di↵erential cross section,
deuteron vector analyzing power Ad

y and deuteron tensor ana-
lyzing powers Axz and Axx in elastic neutron-deuteron scat-
tering at Elab = 135 MeV. Dark-shaded orange and green
bands show the NLO and N2LO results at the 1� confi-
dence level, respectively, while the corresponding light-shaded
bands show the 2�-intervals. Experimental data are pd elas-
tic scattering data from Ref. [156]. Dashed lines in the middle
of green bands are the actual N2LO predictions. Dotted lines
are obtained using the NN interaction at the highest available
order N4LO+, supplemented with the N2LO 3NF (with the
appropriately re-adjusted LECs cD and cE). In all calcula-
tions, the cuto↵ is chosen to be ⇤ = 450 MeV.

N4LO+, supplemented with the N2LO 3NF, has been
performed in Ref. [159]. In all cases, the LECs cD and
cE have been fixed following the standard LENPIC fit-
ting protocol described above. For the considered Nd
scattering observables, the inclusion of corrections to
the NN force beyond N2LO changes the central N2LO
predictions, shown by the dashed lines in Fig. 5, to the
dotted lines. The results visualized by the dashed and
dotted lines di↵er by N3LO terms, and it is comfort-
ing to see that the di↵erences between these lines are
within the estimated N2LO truncation errors. While
the higher-order corrections to the NN force do appear
to noticeably improve the description of the tensor an-
alyzing powers Axz and Axx in the angular range of
✓CM 2 [45�, 100�], they still leave room for improve-
ment that should come from higher-order contributions
to the 3NF.

Further, we mention a comprehensive study of the
symmetric space-star deuteron breakup configuration
in Ref. [160]. This particular configuration is known to
exhibit large discrepancies between theory and data at
energies below Elab ⇠ 25 MeV that could so far not be

-100

-90

-80

-70

-60

-50

-40

-30

-20

G
ro
un
d
st
at
e
en
er
gy

(M
eV
) (0+, 0)

(0+, 1)

(1+, 0)

(3/2-, 1/2)

(0+, 2)
(2+, 1)

4He 6He 6Li 7Li 8He 8Li 10Be 10B 12B 12C

(0+, 1)
(3+, 0)

(1+, 1)

(0+, 0)

(JP, T)

NLO

N2LO without 3N forces

N2LO including 3N forces

Experimental values

NLO (1σ)

N2LO (2σ)

N2LO (1σ)

Gr
ou

nd
 st

at
e 

en
er

gy
 [M

eV
]

Fig. 6 ChEFT predictions for the ground state energies of
light nuclei calculated using the No-Core Configuration Inter-
action (NCCI) method [162]. Crosses, circles and diamonds
show the NLO results, incomplete N2LO predictions using
the NN interactions only and the complete results at N2LO
using both the NN force and 3NF. Orange, green dark-shaded
and green light-shaded error bars show the NLO (1�), N2LO
(1�) and N2LO (2�) ChEFT truncation errors, respectively,
while black error bars give the numerical uncertainty of the
NCCI method. All theoretical predictions are obtained using
the cuto↵ value of ⇤ = 450 MeV. Horizontal lines depict the
experimental values for the binding energies. See Ref. [158]
for details.

resolved. Moreover, the calculated cross section appears
to be largely insensitive to the types of 3NF considered
so far. It would be interesting to study the impact of
3NF contributions beyond N2LO on this observable. Fi-
nally, a detailed investigation of the deuteron breakup
reaction at Elab ⇠ 130 and 200 MeV using the chiral
SMS NN and 3N forces and covering the whole kine-
matically allowed phase space has been carried out in
Ref. [161].

In Fig. 6, we show the NLO and N2LO predictions
for the ground-state energies of light p-shell nuclei from
Ref. [158]. For all nuclei, the predicted binding energies
at both NLO and N2LO agree with experimental values
within truncation errors. To facilitate the quantification
of 3NF e↵ects, we also show the results based on the
N2LO NN potential without inclusion of the 3NF. For
light nuclei up to 10B, the inclusion of the 3NF leads to a
significant improvement. However, for both considered
A = 12-nuclei, the 3NF e↵ects appear to be too large
leading to overbinding. This overbinding was shown in
Ref. [159] to be resolved by taking into account the
corrections to the NN force beyond N2LO.

Where are calculations beyond N2LO?
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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LO:

NLO:

N2LO:

N3LO:

N4LO:

 need to be re-derived using invariant cutoff regulator⇒
mixing DimReg with Cutoff violates χ-symmetry (also for current operators)

have been worked out using dimensional regularization

Krebs, EE, PRC 110 (2024) 044004



Take-aways of part V
— nuclear forces can be derived from the effective Lagran-
     gian using a variety of methods

— important to maintain consistency (nuclear potentials are 
     scheme dependent) 

— regularization of 3NFs and currents beyond tree level is 
     nontrivial



VI: Gradient flow method

Further reading

Krebs, EE, PRC 110 (2024) 044004

– Statement of the problem  
– Chiral gradient flow 
– Applications

Outline

How to introduce a cutoff regulator in the way compatible
With the chiral (and gauge) symmetries?

D. B. Kaplan ~ INT ~ 4/19/16

DANGER: momentum cutoff for pions breaks chiral symmetry!

Why?  A lattice regulator seems straight forward: 

• Σ on each site 
• chirally invariant hopping term: Σn† Σn+1 
• SU(2) invariant Haar path integral measure

…but a momentum cutoff on the pion field violates chiral symmetry:

INT-PUB-15-XXX

Gradient Flow for Chiral Interactions

David B. Kaplan⇤

Institute for Nuclear Theory, University of Washington, Seattle, WA 98195-1550, USA

I propose gradient flow as a finite range regulator for nucleon-nucleon interactions; it resembles

a momentum cuto↵ by imposing a Gaussian pion form factor, but which explicitly preserves chiral

symmetry by introducing new interaction vertices, making it of possible analytical and numerical

utility for the e↵ective field theory treatment of nuclear interactions.

PACS numbers:

I. INTRODUCTION

Chiral perturbation theory has proved to be a useful formalism for computing low energy meson and nucleon
interactions in a controlled and predictive expansion consistent with the symmetries of QCD. The expansion is
in powers of the ratio of particle momenta or meson masses, divided by a strong interaction parameter taken to be
⇤� ⇠ 1 GeV. For precise results it is necessary to go beyond tree level at which point one encounters divergent radiative
corrections. For many applications it is most convenient to use the mass-independent MS renormalization scheme.
However a completely local regulator is not suited for all applications, such as chiral nucleon-nucleon interactions. In
the Weinberg expansion for the two-nucleon interaction, for example, at leading order one must solve the Schrödinger
equation for the nucleons in the one pion exchange (OPE) potential. This potential is singular; in the S = 0 channel,
the singularity behaves as a �-function at the origin which poses no challenges to renormalize, but in the S = 1 channel
the singularity behaves as 1/r3 at the origin, a potential which has no ground state even if one adds local counterterms,
which behave at the origin as a �-function or its derivatives. Regulating the theory by imposing a UV cuto↵ on the
momenta of the pions makes the calculation finite, but causes new problems since such a regulator violates chiral
symmetry, necessitating a complicated procedure to restore the symmetry by adding appropriate counterterms at each
order in the chiral expansion. Such cuto↵s are used in practice, but the literature is somewhat obscure as to whether
this procedure is indeed been carried out in a way that preserves the chiral symmetry in the high order expansions
of nuclear interactions being used today. If not one has lost the main advantage of using the chiral e↵ective theory
— having a systematic way to estimate theoretical errors at each order in the calculation. In this paper I construct a
regularization procedure that e↵ectively provides a gaussian cuto↵ on the momenta of exchange pions, while explicitly
preserving chiral symmetry.

It might seem counterintuitive that a momentum cuto↵ on the pion fields violates chiral symmetry. After all, it is
evident that one can implement a nonlinear sigma model on the lattice. One defines a unitary matrix-valued nonlinear
sigma field as

⌃ = e
2i⇡aTa/f⇡ , Ta 2 SU(2) (1)

at each lattice site, where f⇡ is the pion decay constant, and ⇡
a(x) are the pion fields; one then includes hopping

terms in the action, and integrates over the SU(2) invariant Haar measure. In this procedure the pion momenta are
evidently limited by |k|  ⇡/a, where a is the lattice spacing. It is tempting to assume then that if a lattice regulator
can be chirally invariant, so can a momentum cuto↵ regulator in the continuum, but that is not true. A simple way
to see this is to consider the continuum pion field configuration ⇡1 = ⇡2 = 0, ⇡3 = A cos kx. We impose a momentum
cuto↵ ⇤ and choose k . ⇤. Under an infinitesimal chiral transformation �⌃ = i✓/2{�1,⌃} we find the pions transform
to linear order in ✓ as

�⇡2,3 = 0 , �⇡1(x) = ✓⇡3(x) cot
⇡3(x)

f⇡
= ✓f⇡

"
1� 1

3

✓
⇡3(x)

f⇡

◆2

� 1

45

✓
⇡3(x)

f⇡

◆4

+ . . .

#
(2)

and we see that the transformed ⇡1 field must contain an infinite tower of harmonics with wave numbers
0,±2k,±4k, . . .. However this chiral transformation cannot be realized since we have imposed a momentum cut-
o↵ ⇤, as all of the harmonics except the k = 0 mode are excluded by the cuto↵. it makes no qualitative di↵erence

⇤Electronic address: dbkaplan@uw.edu

INT-PUB-15-XXX

Gradient Flow for Chiral Interactions

David B. Kaplan⇤

Institute for Nuclear Theory, University of Washington, Seattle, WA 98195-1550, USA

I propose gradient flow as a finite range regulator for nucleon-nucleon interactions; it resembles

a momentum cuto↵ by imposing a Gaussian pion form factor, but which explicitly preserves chiral

symmetry by introducing new interaction vertices, making it of possible analytical and numerical

utility for the e↵ective field theory treatment of nuclear interactions.

PACS numbers:

I. INTRODUCTION

Chiral perturbation theory has proved to be a useful formalism for computing low energy meson and nucleon
interactions in a controlled and predictive expansion consistent with the symmetries of QCD. The expansion is
in powers of the ratio of particle momenta or meson masses, divided by a strong interaction parameter taken to be
⇤� ⇠ 1 GeV. For precise results it is necessary to go beyond tree level at which point one encounters divergent radiative
corrections. For many applications it is most convenient to use the mass-independent MS renormalization scheme.
However a completely local regulator is not suited for all applications, such as chiral nucleon-nucleon interactions. In
the Weinberg expansion for the two-nucleon interaction, for example, at leading order one must solve the Schrödinger
equation for the nucleons in the one pion exchange (OPE) potential. This potential is singular; in the S = 0 channel,
the singularity behaves as a �-function at the origin which poses no challenges to renormalize, but in the S = 1 channel
the singularity behaves as 1/r3 at the origin, a potential which has no ground state even if one adds local counterterms,
which behave at the origin as a �-function or its derivatives. Regulating the theory by imposing a UV cuto↵ on the
momenta of the pions makes the calculation finite, but causes new problems since such a regulator violates chiral
symmetry, necessitating a complicated procedure to restore the symmetry by adding appropriate counterterms at each
order in the chiral expansion. Such cuto↵s are used in practice, but the literature is somewhat obscure as to whether
this procedure is indeed been carried out in a way that preserves the chiral symmetry in the high order expansions
of nuclear interactions being used today. If not one has lost the main advantage of using the chiral e↵ective theory
— having a systematic way to estimate theoretical errors at each order in the calculation. In this paper I construct a
regularization procedure that e↵ectively provides a gaussian cuto↵ on the momenta of exchange pions, while explicitly
preserving chiral symmetry.

It might seem counterintuitive that a momentum cuto↵ on the pion fields violates chiral symmetry. After all, it is
evident that one can implement a nonlinear sigma model on the lattice. One defines a unitary matrix-valued nonlinear
sigma field as

⌃ = e
2i⇡aTa/f⇡ , Ta 2 SU(2) (1)

at each lattice site, where f⇡ is the pion decay constant, and ⇡
a(x) are the pion fields; one then includes hopping

terms in the action, and integrates over the SU(2) invariant Haar measure. In this procedure the pion momenta are
evidently limited by |k|  ⇡/a, where a is the lattice spacing. It is tempting to assume then that if a lattice regulator
can be chirally invariant, so can a momentum cuto↵ regulator in the continuum, but that is not true. A simple way
to see this is to consider the continuum pion field configuration ⇡1 = ⇡2 = 0, ⇡3 = A cos kx. We impose a momentum
cuto↵ ⇤ and choose k . ⇤. Under an infinitesimal chiral transformation �⌃ = i✓/2{�1,⌃} we find the pions transform
to linear order in ✓ as

�⇡2,3 = 0 , �⇡1(x) = ✓⇡3(x) cot
⇡3(x)

f⇡
= ✓f⇡

"
1� 1

3

✓
⇡3(x)

f⇡

◆2

� 1

45

✓
⇡3(x)

f⇡

◆4

+ . . .

#
(2)

and we see that the transformed ⇡1 field must contain an infinite tower of harmonics with wave numbers
0,±2k,±4k, . . .. However this chiral transformation cannot be realized since we have imposed a momentum cut-
o↵ ⇤, as all of the harmonics except the k = 0 mode are excluded by the cuto↵. it makes no qualitative di↵erence

⇤Electronic address: dbkaplan@uw.edu

e.g.:
implies:

π3 = plane wave ⇒ δπ1 involves all harmonics…cannot satisfy if require k ≤ Λ
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0,±2k,±4k, . . .. However this chiral transformation cannot be realized since we have imposed a momentum cut-
o↵ ⇤, as all of the harmonics except the k = 0 mode are excluded by the cuto↵. it makes no qualitative di↵erence
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I propose gradient flow as a finite range regulator for nucleon-nucleon interactions; it resembles

a momentum cuto↵ by imposing a Gaussian pion form factor, but which explicitly preserves chiral

symmetry by introducing new interaction vertices, making it of possible analytical and numerical

utility for the e↵ective field theory treatment of nuclear interactions.

PACS numbers:

I. INTRODUCTION

Chiral perturbation theory has proved to be a useful formalism for computing low energy meson and nucleon
interactions in a controlled and predictive expansion consistent with the symmetries of QCD. The expansion is
in powers of the ratio of particle momenta or meson masses, divided by a strong interaction parameter taken to be
⇤� ⇠ 1 GeV. For precise results it is necessary to go beyond tree level at which point one encounters divergent radiative
corrections. For many applications it is most convenient to use the mass-independent MS renormalization scheme.
However a completely local regulator is not suited for all applications, such as chiral nucleon-nucleon interactions. In
the Weinberg expansion for the two-nucleon interaction, for example, at leading order one must solve the Schrödinger
equation for the nucleons in the one pion exchange (OPE) potential. This potential is singular; in the S = 0 channel,
the singularity behaves as a �-function at the origin which poses no challenges to renormalize, but in the S = 1 channel
the singularity behaves as 1/r3 at the origin, a potential which has no ground state even if one adds local counterterms,
which behave at the origin as a �-function or its derivatives. Regulating the theory by imposing a UV cuto↵ on the
momenta of the pions makes the calculation finite, but causes new problems since such a regulator violates chiral
symmetry, necessitating a complicated procedure to restore the symmetry by adding appropriate counterterms at each
order in the chiral expansion. Such cuto↵s are used in practice, but the literature is somewhat obscure as to whether
this procedure is indeed been carried out in a way that preserves the chiral symmetry in the high order expansions
of nuclear interactions being used today. If not one has lost the main advantage of using the chiral e↵ective theory
— having a systematic way to estimate theoretical errors at each order in the calculation. In this paper I construct a
regularization procedure that e↵ectively provides a gaussian cuto↵ on the momenta of exchange pions, while explicitly
preserving chiral symmetry.

It might seem counterintuitive that a momentum cuto↵ on the pion fields violates chiral symmetry. After all, it is
evident that one can implement a nonlinear sigma model on the lattice. One defines a unitary matrix-valued nonlinear
sigma field as
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at each lattice site, where f⇡ is the pion decay constant, and ⇡
a(x) are the pion fields; one then includes hopping

terms in the action, and integrates over the SU(2) invariant Haar measure. In this procedure the pion momenta are
evidently limited by |k|  ⇡/a, where a is the lattice spacing. It is tempting to assume then that if a lattice regulator
can be chirally invariant, so can a momentum cuto↵ regulator in the continuum, but that is not true. A simple way
to see this is to consider the continuum pion field configuration ⇡1 = ⇡2 = 0, ⇡3 = A cos kx. We impose a momentum
cuto↵ ⇤ and choose k . ⇤. Under an infinitesimal chiral transformation �⌃ = i✓/2{�1,⌃} we find the pions transform
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and we see that the transformed ⇡1 field must contain an infinite tower of harmonics with wave numbers
0,±2k,±4k, . . .. However this chiral transformation cannot be realized since we have imposed a momentum cut-
o↵ ⇤, as all of the harmonics except the k = 0 mode are excluded by the cuto↵. it makes no qualitative di↵erence
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derived using DimReg

Faddeev equation for 3N scattering:

V3N
2π G0 V1N

1π V3N
2π

Bernard et al. ’08

Essence of the problem

−Λ
g4

A

96 2π3F6
π

[τ1 ⋅ τ3 ( ⃗q3 ⋅ ⃗σ1) −

violates chiral symmetryabsorbable into cD:

4
3

(τ2 ⋅ τ3 − τ1 ⋅ τ3)( ⃗q2 ⋅ ⃗σ3) ] ⃗q3 ⋅ ⃗σ3

q3
3 + M2

π
+ …

  mixing DimReg with Cutoff regularization breaks chiral symmetry EE, Krebs, Reinert ’19⇒

  3NF, 4NF & MECs beyond N2LO have to be re-derived using Cutoff Reg (2NF ok at fixed )⇒ Mπ

Gradient flow as a symmetry-preserving regulator  as suggested by David Kaplan



 Gradient flow
Gradient flows: methods for smoothing manifolds  
(e.g., Ricci flow used in the proof of the Poincaré conjecture)

flow timeGradient flow as a regulator in field theory 
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Flow equation: 
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Free scalar field:

heat kernel
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 Preliminaries
Effective Lagrangian for Goldstone bosons
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DÑ

†
DÑ e
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Pions transform nonlinearly under SU(2)L  SU(2)R and via the adjoint irrep. of SU(2)V (i.e., ):× R = L

in Euclidean space

Generalization to N:
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Effective Lagrangian for pions and nucleons

First attempt: Higher-derivative regularization of   Slavnov ’71ℒE
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~�1 · ~q1 Ô[�i,⌧i,~qi]

(~q 2
1 +M2)(~q 2

2 +M2)(~q 2
3 +M2)(~q 2

4 +M2)


�M

2
f⇤ + (2M2 + ~q

2
12)f

123
⇤

+2M2(M2 + ~q
2
1 )

f
134
⇤ � f

234
⇤

~q 2
1 � ~q 2

2

+ 2(M2 + ~q
2
2 )(~q

2
13 � ~q

2
12)

f
124
⇤ � f

134
⇤

~q 2
2 � ~q 2

3

�
+ 23 perm.
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 Gradient flow
Gradient flows: methods for smoothing manifolds  
(e.g., Ricci flow used in the proof of the Poincaré conjecture)
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Free scalar field:

heat kernel
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Generalize                                  to            :  
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~�1 · ~q1 Ô[�i,⌧i,~qi]

(~q 2
1 +M2)(~q 2

2 +M2)(~q 2
3 +M2)(~q 2

4 +M2)

⇥


�M

2
f⇤ + (2M

2
+ ~q

2
12)f

123
⇤ + 2M

2
(M

2
+ ~q

2
1 )

f
134
⇤ � f

234
⇤

~q 2
1 � ~q 2

2

+ 2(M
2
+ ~q

2
2 )(~q

2
13 � ~q

2
12)

f
124
⇤ � f

134
⇤

~q 2
2 � ~q 2

3

�
+ 23 perm.

lim⇤!1 V
4N
⇤ = V

4N

f⇤ = e
� ~q 2

1 +M2

⇤2 e
� ~q 2

2 +M2

⇤2 e
� ~q 2

3 +M2

⇤2 e
� ~q 2

4 +M2

⇤2 , f
ijk
⇤ = e

� ~q 2
i +M2

⇤2 e
�

~q 2
j +M2

⇤2 e
� ~q 2

k +M2

⇤2 .

l1 l2 k

J
µ
=

Z
d
4
l1

(2⇡)4

d
4
l2

(2⇡)4
�
4
(l1 + k � l2)

h
. . . + ae

l21+M2

⇤2 e
� l22+M2

⇤2 + . . .

i

exp

⇣
�

2k · l1 + k
2

⇤2

⌘

@

@⌧
�(x, ⌧) = �

�S[�]

��(x)

����
�(x)!�(x,⌧)

�(x, 0) = �(x)

@

@⌧
�(x, ⌧) = (@

2
�M

2
)�(x, ⌧)

⇥
@⌧ � (@

x
µ@

x
µ �M

2
)
⇤
�(x, ⌧) = 0 ) �(x, ⌧) =

Z
d
4
y G(x� y, ⌧)�(y) ) �̃(q, ⌧) = e

�⌧(q2+M2)
�̃(q)

G(x, ⌧) =
1

16⇡2⌧ 2
e
�x2+4M2⌧2

4⌧

G(x, ⌧) =
1

16⇡2⌧ 2
exp

⇣
�

x
2
+ 4M

2
⌧
2

4⌧

⌘

@⌧Aµ(x, ⌧) = D⌫G⌫µ(x, ⌧)

3

 extensively used in LQCD←



 Solving the chiral gradient flow equation

U = 1 +
i

F
⌧ · ⇡ � ⇡2

2F 2
� ↵

i

F 3
⌧ · ⇡⇡2 + . . .

W = 1 + i⌧ · � � �2 � i↵ ⌧ · ��2 + . . .

U(x), U(x) ! RU(x)L†

LE (1)
⇡N,⌧ = N

†(x)


� g

2F
~� · ~rxG[�⇡](x, ⌧) · ⌧ +

i

4F 2

�
⌧ ⇥ G[�⇡](x, ⌧)

�
· @x

0G[�⇡](x, ⌧)

+
g

4F 3
~� · ~rx

✓
M

2(4↵� 1)G[✓G[�⇡] · G[�⇡]G[�⇡]](x, ⌧) + 2(2↵� 1)G[✓G[�@µ⇡] · G[�@µ⇡]G[�⇡]](x, ⌧)

+ 8↵G[✓G[�⇡] · G[�@µ⇡] · G[�⇡]G[�@µ⇡]](x, ⌧) + 2↵G[�⇡](x, ⌧) · G[�⇡](x, ⌧)G[�⇡](x, ⌧)
◆
· ⌧

� g

8F 3
⌧ · G[�⇡](x, ⌧)~� · ~rx

�
G[�⇡](x, ⌧) · G[�⇡](x, ⌧)

��
N(x) +O(⇡4) .

Here, we have introduced the short-hand notation

G[f ](x, ⌧) =

Z ⌧

�1
ds e

�(⌧�s)(�@2
x+M2)

f(x, s),

where f(x, s) is a continuous function or distribution. In particular

G[�⇡](x, ⌧) =

Z ⌧

�1
ds e

�(⌧�s)(�@2
x+M2)

�(s)⇡(x) = e
�⌧(�@2

x+M2)⇡(x) ,

and

G[✓f ](x, ⌧) =

Z ⌧

�1
ds e

�(⌧�s)(�@2
x+M2)

✓(s)f(x, s) =

Z ⌧

0

ds e
�(⌧�s)(�@2

x+M2)
f(x, s) ,

such that, e.g.,

G[✓G[�⇡] · G[�⇡]G[�⇡]](x, ⌧) =

Z ⌧

0

ds e
�(⌧�s)(�@2

x+M2)G[�⇡](x, s) · G[�⇡](x, s)G[�⇡](x, s)

=

Z ⌧

0

ds e
�(⌧�s)(�@2

x+M2)


e
�s(�@2

x+M2)⇡(x)

�
·

e
�s(�@2

x+M2)⇡(x)

�
e
�s(�@2

x+M2)⇡(x)

�
.

1

U = 1 +
i

F
⌧ · ⇡ � ⇡2

2F 2
� ↵

i

F 3
⌧ · ⇡⇡2 + . . .

U(x), U(x) ! RU(x)L†

LE (1)
⇡N,⌧ = N

†(x)


� g

2F
~� · ~rxG[�⇡](x, ⌧) · ⌧ +

i

4F 2

�
⌧ ⇥ G[�⇡](x, ⌧)

�
· @x

0G[�⇡](x, ⌧)

+
g

4F 3
~� · ~rx

✓
M

2(4↵� 1)G[✓G[�⇡] · G[�⇡]G[�⇡]](x, ⌧) + 2(2↵� 1)G[✓G[�@µ⇡] · G[�@µ⇡]G[�⇡]](x, ⌧)

+ 8↵G[✓G[�⇡] · G[�@µ⇡] · G[�⇡]G[�@µ⇡]](x, ⌧) + 2↵G[�⇡](x, ⌧) · G[�⇡](x, ⌧)G[�⇡](x, ⌧)
◆
· ⌧

� g

8F 3
⌧ · G[�⇡](x, ⌧)~� · ~rx

�
G[�⇡](x, ⌧) · G[�⇡](x, ⌧)

��
N(x) +O(⇡4) .

Here, we have introduced the short-hand notation

G[f ](x, ⌧) =

Z ⌧

�1
ds e

�(⌧�s)(�@2
x+M2)

f(x, s),

where f(x, s) is a continuous function or distribution. In particular

G[�⇡](x, ⌧) =

Z ⌧

�1
ds e

�(⌧�s)(�@2
x+M2)

�(s)⇡(x) = e
�⌧(�@2

x+M2)⇡(x) ,

and

G[✓f ](x, ⌧) =

Z ⌧

�1
ds e

�(⌧�s)(�@2
x+M2)

✓(s)f(x, s) =

Z ⌧

0

ds e
�(⌧�s)(�@2

x+M2)
f(x, s) ,

such that, e.g.,

G[✓G[�⇡] · G[�⇡]G[�⇡]](x, ⌧) =

Z ⌧

0

ds e
�(⌧�s)(�@2

x+M2)G[�⇡](x, s) · G[�⇡](x, s)G[�⇡](x, s)

=

Z ⌧

0

ds e
�(⌧�s)(�@2

x+M2)


e
�s(�@2

x+M2)⇡(x)

�
·

e
�s(�@2

x+M2)⇡(x)

�
e
�s(�@2

x+M2)⇡(x)

�
.

�E
⇤ = 1/(q20 + ~q

2) exp
h
� (q20 + ~q

2)/⇤2
i

�E
⇤ = 1/(q20 + ~q

2) e�(q20+~q 2)/⇤2

1

Solving the chiral gradient flow equation
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 Solving the chiral gradient flow equation

In momentum space, this solution takes the form:
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Ô[�i,⌧i,~qi]

(~q 2
2 +M2)(~q 2

3 +M2)(~q 2
4 +M2)

h
2~�1 · ~q12f

234
⇤ + ~�1 · ~q1

�
2f 123

⇤ � f
134
⇤ � f

234
⇤

�i

+
g
4

128F 6

~�1 · ~q1 Ô[�i,⌧i,~qi]
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 Gradient flow regularization of BChPT

  BChPT using gradient flow regularization:⇒
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non-local (smeared) Lagrangian upon expressing in ’sπ
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 Chiral symmetry and the 4N force

The sum of two diagrams must be -independentα

unregularized

α
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Unregularized expression for this 4NF EE, EPJA 34 (2007):
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Ô[�i,⌧i,~qi]

(~q 2
2 +M2)(~q 2

3 +M2)(~q 2
4 +M2)

~�1 · ~q12

+
g
4

128F 6

~�1 · ~q1 Ô[�i,⌧i,~qi]
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Ô[�i,⌧i,~qi]

(~q 2
2 +M2)(~q 2

3 +M2)(~q 2
4 +M2)

h
2~�1 · ~q12f

234
⇤ + ~�1 · ~q1

�
2f

123
⇤ � f

134
⇤ � f

234
⇤

�i

+
g
4

128F 6

~�1 · ~q1 Ô[�i,⌧i,~qi]
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 Chiral symmetry and the 4N force

The sum of two diagrams must be -independentα
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Ô[�i,⌧i,~qi]

(~q 2
2 +M2)(~q 2

3 +M2)(~q 2
4 +M2)


~�1 · ~q1

�
2g⇤ � 4f 123

⇤ + 2f 134
⇤ � f

234
⇤

�
� ~�1 · ~q2f 234

⇤

+ 2~�1 · ~q1
�
5M2 + ~q

2
1 + ~q

2
2 + ~q

2
3 + ~q

2
4 + ~q

2
34

� g⇤ � f
134
⇤

2M2 + ~q 2
1 + ~q 2

3 + ~q 2
4 � ~q 2

2

� 4~�1 · ~q1
�
3M2 + ~q

2
1 + ~q

2
2 + ~q

2
3 + ~q

2
4 � ~q

2
34

� g⇤ � f
124
⇤

2M2 + ~q 2
1 + ~q 2

2 + ~q 2
4 � ~q 2

3

�

+
g
4

128F 6

~�1 · ~q1 Ô[�i,⌧i,~qi]

(~q 2
1 +M2)(~q 2

2 +M2)(~q 2
3 +M2)(~q 2

4 +M2)

�
M

2 + ~q
2
12

��
4f 123

⇤ � 3g⇤
�
+ 23 perm.,

V
4N
⇤ =

g
4

64F 6
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(reduces to the unregularized result in the  limit)Λ → ∞
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Regularized expression (ready to use in the A-body Schrödinger equation):

     Some purely pionic loops are divergent and require e.g. DR

5

FIG. 1: Divergent diagram in higher-derivative regularization with the ansatz of Eq. (3.13).

As we can see from Eq. (3.14), all exponential operators operate only on one pion field. For this reason, in the
exponential increase of the four-pion vertex there are no linear combinations of the pion momenta. Within our
ansatz of Eq. (3.13) the contribution to the four-nucleon force discussed in the beginning of this section becomes
regular. It is important to note that even with our ansatz of Eq. (3.13) there is an infinite number of elementary
diagrams in pionic sector which remain unregularized. The pion-tadpole is one of those diagrams. For this reason, one
can apply ⇣-function regularization on top of higher-derivative regularization, keeping the cuto↵ of higher derivative
regularization finite. This regularizes the remaining diagrams and does not a↵ect expressions for nuclear forces since
those are regular within higher derivative approach.

If we would include external sources, i.e. one external photon we would get a minimal-coupling interaction of the
photon with two pions.
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Eq. (3.16) reveals a problem with the higher-derivative ansatz of Eq. (3.13). Although the ansatz of Eq. (3.13) leads
to symmetry-preserving regularized nuclear forces, this simultaneously leads to an unregularized electro-magnetic
current. The regularized version of the current operator at momentum transfer equal zero. To see this, consider the
diagram from Fig. 1. We denote the two four-momenta of the pions within the loop by q1 and q2 = q1 + k where k

is an incoming photon momentum. Every pion propagator is multiplied by a gaussian regulator, so we get from the
two pion propagators in the loop the regularization factor
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Four-pion vertex from Eq. (3.14) introduces exponential deregularization at every pion. Assume we look at the
contribution with the deregularization of the pion with momentum q1. This contribution gets exponential increase
exp((q21 +M

2)/⇤2). From two-pion-photon vertex of Eq. (3.16) there are contributions with additional exponential
increase exp((q21 +M

2)/⇤2). For this reason the total e↵ect of the regulator to this contribution is
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With this exponential we can not regularize this contribution even if we would apply dimensional or ⇣-regularization
on top of higher-derivative regularization. This would only work for vanishing momentum transfer k = 0. So with
the ansatz of Eq. (3.13) we can only get regularized version of moment-operators but not of the current operator with
non-vanishing momentum transfer k.

The question of course is if there is a di↵erent version of higher-derivative regulator which would lead to regular results
for nuclear forces and currents. The promissing technique towards this direction is gradient-flow regularization which
we discuss in the next section.



Take-aways of part VI
— taking nuclear potentials (and currents), derived using   
     DimReg, and putting an additional cutoff in the Schröd. 
     equation violates the chiral & gauge symmetries  

— The future: Chiral EFT with consistently regularized 
    nuclear forces and currents (all symmetries intact!)

 need to re-derive nuclear potentials using a symmetry-
preserving cutoff regulator

⇒

 merge Gradient Flow with chiral perturbation theory⇒

Thank you for your attention


