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• Chiral effective field theory (at lower densities)
• Systematic incorporation of NN, 3N, … interactions
• EoS from MBPT: Order-by-order convergence
• Calculation of most advanced 3N interactions

• Functional renormalization group (at higher densities)
• Dynamic generation of Fierz complete four-quark 

self-interactions by gauge degrees of freedom
• Connecting to low-energy regime and results                                     

on the EoS and the speed of sound
• Summary and plans for next funding period
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Chiral effective field theory of 
nuclear interactions

•  Nuclear potentials VNN, V3N, … (Λ), with LECs fitted to NN, 3N, … data
•  MBPT calculations, predictions for nuclear matter EoS 

Modern Theory of Nuclear Interactions

Low-Energy Quantum Chromodynamics

strongly-coupled, confinement

nonlinear realization of chiral symmetry

by: S. Aoki (Kyoto U)

Chiral EFT of Nuclear Interactions

1 scale separation:
’breakdown scale’ ⇤� ⇠ 600 MeV
’soft scale’ Q < ⇤�,

2 effective degrees of freedom:
nucleons N, pions ⇡, (Deltas �)

3 general Lagrangian LEFT(N, ⇡)

! ’Low-Energy Constants’ (LECs) {ci}

4 Renormalization, LEC Fixing, Power
Counting, Uncertainty Analysis

Machleidt; Symm. 8 (2016)

cD cE
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Chiral effective field theory of 
nuclear interactions

•  Nuclear potentials VNN, V3N, … (Λ), with LECs fitted to NN, 3N, … data
•  MBPT calculations, predictions for nuclear matter EoS 

Modern Theory of Nuclear Interactions

Low-Energy Quantum Chromodynamics

strongly-coupled, confinement

nonlinear realization of chiral symmetry

by: S. Aoki (Kyoto U)

Chiral EFT of Nuclear Interactions

1 scale separation:
’breakdown scale’ ⇤� ⇠ 600 MeV
’soft scale’ Q < ⇤�,

2 effective degrees of freedom:
nucleons N, pions ⇡, (Deltas �)

3 general Lagrangian LEFT(N, ⇡)

! ’Low-Energy Constants’ (LECs) {ci}

4 Renormalization, LEC Fixing, Power
Counting, Uncertainty Analysis

Machleidt; Symm. 8 (2016)

[Hebeler et al. PRC 91 (2015)] 

calculation of state-of-the-art 
3N interactions for applications 
to matter and nuclei

A02 A04 B05
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Efficient Monte-Carlo framework for MBPT 
calculations with chiral interactions 

[Drischler, Hebeler, Schwenk, PRL122 (2019)] 
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FIG. 5. (Color online) Energy per particle in neutron matter
(top row) and symmetric nuclear matter (bottom row) based
on chiral interactions at N2LO (first column) and N3LO (sec-
ond column) fit to the empirical saturation region (see Fig. 4).
The fits are labeled by ⇤/cD in the legend. As in Fig. 5, we also
give the symmetry energy Esym and its slope parameter L at
each order. The blue (⇤ = 500 MeV) and gray (⇤ = 450 MeV)
bands estimate the theoretical uncertainty following Ref. [38].
Note that the annotated results for Esym and L do not include
the latter uncertainty.

expansion around Hartree-Fock, but it can be easily gen-
eralized to expansions around other reference states. This
enabled first benchmarks of chiral low-momentum inter-
actions to fourth order in MBPT showing a systematic
order-by-order convergence. We then used this to develop
new chiral interactions at N2LO and N3LO, including NN,
3N, and 4N interactions at N3LO, where the 3N couplings
are fit to the triton and to saturation properties. Our work
shows that a good description of nuclear matter at these
orders is possible, with a systematic behavior from N2LO
to N3LO and natural low-energy couplings. Thanks to
the computational e�ciency, the new framework is also
ideal for the incorporation of nuclear matter properties in
the fitting of novel nuclear interactions. It will be exciting
to see what these interactions predict for nuclei and for
the equation of state for astrophysics.
We thank A. Ekström, B. Carlsson, C. Forssén,

R. J. Furnstahl, and T. Hahn for useful discussions, and
R. Machleidt for providing us with the EMN potentials.
We also thank C. Iwainsky for helping us to optimize
the code performance. This work was supported in part

by the European Research Council Grant No. 307986
STRONGINT and the Deutsche Forschungsgemeinschaft
through Grant SFB 1245. Computational resources have
been provided by the Lichtenberg high performance com-
puter of the TU Darmstadt.

⇤ Email: christian.drischler@physik.tu-darmstadt.de
† Email: kai.hebeler@physik.tu-darmstadt.de
‡ Email: schwenk@physik.tu-darmstadt.de
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• Improved studies of many-body uncertainties  
MBPT at high orders via automatic code 
generation, here: up to 4th order; 5th, 6th order in 
progress

• Constrain LECs using empirical nuclear matter  
saturation region 
here: fit 3N LECs cD, cE to 3H and saturation point 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Very low densities (dilute Fermi gas): 
pionless EFT 

MPBT calculation of ground-state energy = expansion in kFas

Comparison with QMC calculations [Gandolfi et al. ARNPS 65 (2015), Pilati et al. PRL 105] 

E/E0 = 1 + 0.357 kFas + 0.186 (kFas)
2 + 0.03 (kFas)

3
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�0.05 (kFas)
4 + . . .
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[Bishop, Ann.Phys.77 (1972)]

[Wellenhofer, Drischler, Schwenk (2018)]
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Figure 2. Results for E/E0 from the Fermi-momentum expansion and from QMC calculations [23–25], see text for details. For
clarity, in the left panel the order-by-order results are plotted only up to kFas = �2.5.

from II5 and IIA1 is similar, i.e., the corresponding
ln(⇤/kF) terms have to be subtracted.

This leaves the diagrams with power divergences
II(1,2,6), where diagram II6 has also a logarithmic di-
vergence. The expression for II6 reads

E4,II6 = �⇣(g � 3)
X

i,j,k
a,c

nijkn̄abcde✓ab✓ka✓cd✓je✓be

⇥
1

Dab,ijDbe,ikDbcd,ijk

����
dummy
b=i+j�a
d=k+a�c
e=k+a�j

. (18)

Here, ✓ka, ✓je and ✓be are redundant. Substituting K =
(i + j)/2, p = (i � j)/2, z = k, A = (a � b)/2, and
Y = (c� d)/2 leads to

E4,II6 = �8M3 ⇣(g � 3)
X

K,p,z
A,Y

nijkn̄abcde ✓A✓Y
1

A2 � p2

⇥
1⇥

(A+ p) · (A�K+ z)
⇤
(Y 2 � p2 +R)

,

(19)

where R = (3A + K � z) · (A � K + z)/4 and ✓A ⌘

✓(⇤/kF � A). The two divergences of II6 can now be
separated via

1

Y 2 � p2 +R
=

1

Y 2
|{z}

;E4,II6(i)

+
p2 �R

(Y 2 +R)Y 2

| {z }
;E4,II6(ii)

, (20)

with E4,II6(i) ⇠ ⇤ for ⇤ ! 1, and E4,III6(ii)
⇤!1
����!

⇣(g � 3)
p
3/(3327⇡10) ln(⇤/kF). The evaluation of the

contribution from III6(ii) is similar to III(1,7,8), II5, and
IIA1. For III6(i), the e↵ect of the counterterm can be

implemented via the identity

⇤

2⇡2
�

X

Y

n̄cd
✓Y
Y 2

⇤!1
����!

X

Y

(nc + nd � ncd)
✓Y
Y 2

. (21)

For diagrams II(1,2) as well as I(1,2,4,5), the same pro-
cedure can be applied. For I(1,2,4,5) we have reproduced
the semianalytic results in this way.
Our results for the various contributions to the reg-

ular part of C4(kF) are listed in Table 1. The numeri-
cal values for the diagrams without divergences are sim-
ilar (but small di↵erences are present) to the ones pub-
lished by Baker in Table IV of Ref. [6].3 The contribu-
tions that involve logarithmic divergences, II5, II6, IIA1,
and III(1+7+8), have the largest numerical uncertainties.
For g = 2 more precise results can be given for II5+IIA1
and II6+III(1+7+8), because then no logarithmic diver-
gences occur.
For spin one-half fermions, the logarithmic term at

fourth order (and beyond, up to a certain order Nlog)
is Pauli blocked, so in that case the kF expansion is (for
N < Nlog) given by

g = 2 : E(kF) = E0

 
1 +

NX

⌫=1

X⌫�
⌫

!
+ o(�N ), (22)

where � = kFas and E0 = 3nk2F/(10M). The coe�cients
Xn are completely determined by the ERE parameters.

3
The expression for C4(kF) for g = 2 published by Baker [6] de-

viates from our result. In particular, it involves an additional

parameter b2 that is presumed to be “not determined by the

two-body phase shifts” [5, 6]. The appearance of such a non-

ERE parameter is not justified at this order (for g = 2), see

also [5, 7].
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QCD phase diagram: 
Neutron stars and the cold dense EoS
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g

‣Stiffness of EoS
‣Non-equilibrium processes, 

e.g. transport properties, 
cooling rate
‣…

‣Quarks and gluons 
as only dofs
‣Weak coupling 

expansion

Strongly correlated matter 
at intermediate densities:
variety of condensates as 

non-perturbative phenomena 
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Functional renormalization group (FRG): 
From high to low energies in QCD

u

d

u
g

g
g

UV

IR

k ⇠ Q
<latexit sha1_base64="WKwc0Qp/CoeBlHIJiqD/TnGCugc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWMC5gHJEmYnnWTIzOw6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJYIb6/vf3sbm1vbObmGvuH9weHRcOjltmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5m/vtJ9SGx+rBThMMJR0pPuSMWid1JqRnuCSNfqnsV/wFyDoJclKGHPV+6as3iFkqUVkmqDHdwE9smFFtORM4K/ZSgwllEzrCrqOKSjRhtrh3Ri6dMiDDWLtSlizU3xMZlcZMZeQ6JbVjs+rNxf+8bmqHt2HGVZJaVGy5aJgKYmMyf54MuEZmxdQRyjR3txI2ppoy6yIquhCC1ZfXSataCfxK0Lgu16p5HAU4hwu4ggBuoAb3UIcmMBDwDK/w5j16L96797Fs3fDymTP4A+/zBzO4j1s=</latexit><latexit sha1_base64="WKwc0Qp/CoeBlHIJiqD/TnGCugc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWMC5gHJEmYnnWTIzOw6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJYIb6/vf3sbm1vbObmGvuH9weHRcOjltmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5m/vtJ9SGx+rBThMMJR0pPuSMWid1JqRnuCSNfqnsV/wFyDoJclKGHPV+6as3iFkqUVkmqDHdwE9smFFtORM4K/ZSgwllEzrCrqOKSjRhtrh3Ri6dMiDDWLtSlizU3xMZlcZMZeQ6JbVjs+rNxf+8bmqHt2HGVZJaVGy5aJgKYmMyf54MuEZmxdQRyjR3txI2ppoy6yIquhCC1ZfXSataCfxK0Lgu16p5HAU4hwu4ggBuoAb3UIcmMBDwDK/w5j16L96797Fs3fDymTP4A+/zBzO4j1s=</latexit><latexit sha1_base64="WKwc0Qp/CoeBlHIJiqD/TnGCugc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWMC5gHJEmYnnWTIzOw6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJYIb6/vf3sbm1vbObmGvuH9weHRcOjltmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5m/vtJ9SGx+rBThMMJR0pPuSMWid1JqRnuCSNfqnsV/wFyDoJclKGHPV+6as3iFkqUVkmqDHdwE9smFFtORM4K/ZSgwllEzrCrqOKSjRhtrh3Ri6dMiDDWLtSlizU3xMZlcZMZeQ6JbVjs+rNxf+8bmqHt2HGVZJaVGy5aJgKYmMyf54MuEZmxdQRyjR3txI2ppoy6yIquhCC1ZfXSataCfxK0Lgu16p5HAU4hwu4ggBuoAb3UIcmMBDwDK/w5j16L96797Fs3fDymTP4A+/zBzO4j1s=</latexit><latexit sha1_base64="WKwc0Qp/CoeBlHIJiqD/TnGCugc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWMC5gHJEmYnnWTIzOw6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJYIb6/vf3sbm1vbObmGvuH9weHRcOjltmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5m/vtJ9SGx+rBThMMJR0pPuSMWid1JqRnuCSNfqnsV/wFyDoJclKGHPV+6as3iFkqUVkmqDHdwE9smFFtORM4K/ZSgwllEzrCrqOKSjRhtrh3Ri6dMiDDWLtSlizU3xMZlcZMZeQ6JbVjs+rNxf+8bmqHt2HGVZJaVGy5aJgKYmMyf54MuEZmxdQRyjR3txI2ppoy6yIquhCC1ZfXSataCfxK0Lgu16p5HAU4hwu4ggBuoAb3UIcmMBDwDK/w5j16L96797Fs3fDymTP4A+/zBzO4j1s=</latexit>

⇤
<latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit><latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit><latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit><latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit>

0
<latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit>

S

�

�k

Input parameter: strong coupling gs(Λ)

u
n
de
f
in
ed

1

gs
<latexit sha1_base64="bKGmpXeK47ZVZlfpQWhyQafu+3Q=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnomifEY8OIxolkgGUJPp2fSpGehu0cIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPTwVXGuMPq7C2vrG5Vdwu7ezu7R+UD486KskkZW2aiET2fKKY4DFra64F66WSkcgXrOtPruZ+955JxZP4Tk9T5kUkjHnAKdFGug2HaliuYNtt1FznAmG77rqNetUQXHerVRc5Nl6gAiu0huX3wSihWcRiTQVRqu/gVHs5kZpTwWalQaZYSuiEhKxvaEwiprx8ceoMnRllhIJEmoo1WqjfJ3ISKTWNfNMZET1Wv725+JfXz3Rw6eU8TjPNYrpcFGQC6QTN/0YjLhnVYmoIoZKbWxEdE0moNumUTAhfn6L/Sce1HWw7N7VKE6/iKMIJnMI5ONCAJlxDC9pAIYQHeIJnS1iP1ov1umwtWKuZY/gB6+0TqOuN/A==</latexit><latexit sha1_base64="bKGmpXeK47ZVZlfpQWhyQafu+3Q=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnomifEY8OIxolkgGUJPp2fSpGehu0cIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPTwVXGuMPq7C2vrG5Vdwu7ezu7R+UD486KskkZW2aiET2fKKY4DFra64F66WSkcgXrOtPruZ+955JxZP4Tk9T5kUkjHnAKdFGug2HaliuYNtt1FznAmG77rqNetUQXHerVRc5Nl6gAiu0huX3wSihWcRiTQVRqu/gVHs5kZpTwWalQaZYSuiEhKxvaEwiprx8ceoMnRllhIJEmoo1WqjfJ3ISKTWNfNMZET1Wv725+JfXz3Rw6eU8TjPNYrpcFGQC6QTN/0YjLhnVYmoIoZKbWxEdE0moNumUTAhfn6L/Sce1HWw7N7VKE6/iKMIJnMI5ONCAJlxDC9pAIYQHeIJnS1iP1ov1umwtWKuZY/gB6+0TqOuN/A==</latexit><latexit sha1_base64="bKGmpXeK47ZVZlfpQWhyQafu+3Q=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnomifEY8OIxolkgGUJPp2fSpGehu0cIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPTwVXGuMPq7C2vrG5Vdwu7ezu7R+UD486KskkZW2aiET2fKKY4DFra64F66WSkcgXrOtPruZ+955JxZP4Tk9T5kUkjHnAKdFGug2HaliuYNtt1FznAmG77rqNetUQXHerVRc5Nl6gAiu0huX3wSihWcRiTQVRqu/gVHs5kZpTwWalQaZYSuiEhKxvaEwiprx8ceoMnRllhIJEmoo1WqjfJ3ISKTWNfNMZET1Wv725+JfXz3Rw6eU8TjPNYrpcFGQC6QTN/0YjLhnVYmoIoZKbWxEdE0moNumUTAhfn6L/Sce1HWw7N7VKE6/iKMIJnMI5ONCAJlxDC9pAIYQHeIJnS1iP1ov1umwtWKuZY/gB6+0TqOuN/A==</latexit><latexit sha1_base64="bKGmpXeK47ZVZlfpQWhyQafu+3Q=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnomifEY8OIxolkgGUJPp2fSpGehu0cIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPTwVXGuMPq7C2vrG5Vdwu7ezu7R+UD486KskkZW2aiET2fKKY4DFra64F66WSkcgXrOtPruZ+955JxZP4Tk9T5kUkjHnAKdFGug2HaliuYNtt1FznAmG77rqNetUQXHerVRc5Nl6gAiu0huX3wSihWcRiTQVRqu/gVHs5kZpTwWalQaZYSuiEhKxvaEwiprx8ceoMnRllhIJEmoo1WqjfJ3ISKTWNfNMZET1Wv725+JfXz3Rw6eU8TjPNYrpcFGQC6QTN/0YjLhnVYmoIoZKbWxEdE0moNumUTAhfn6L/Sce1HWw7N7VKE6/iKMIJnMI5ONCAJlxDC9pAIYQHeIJnS1iP1ov1umwtWKuZY/gB6+0TqOuN/A==</latexit>

Gluodynamics

kcr
<latexit sha1_base64="aBrzaVTcRd6eIGFyV58NWeVpOr0=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6b0uSu4cVnBPqAdSibNtKFJZkwyhTL0O9y4UMStH+POvzHTVlDRA4HDOfdyT04Qc6YNQh/OxubW9s5ubi+/f3B4dFw4Oe3oKFGEtknEI9ULsKacSdo2zHDaixXFIuC0G0yvM787o0qzSN6ZeUx9gceShYxgYyV/OhwIbCZKpEQthoUichslr1JtQOSWPa9WrViCaqhSr0PPRUsUwRqtYeF9MIpIIqg0hGOt+x6KjZ9iZRjhdJEfJJrGmEzxmPYtlVhQ7afL0At4aZURDCNlnzRwqX7fSLHQei4CO5lF1L+9TPzL6ycmrPspk3FiqCSrQ2HCoYlg1gAcMUWJ4XNLMFHMZoVkghUmxvaUtyV8/RT+Tzol10Oud1suNkvrOnLgHFyAK+CBGmiCG9ACbUDAPXgAT+DZmTmPzovzuhrdcNY7Z+AHnLdP0I2SvA==</latexit><latexit sha1_base64="aBrzaVTcRd6eIGFyV58NWeVpOr0=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6b0uSu4cVnBPqAdSibNtKFJZkwyhTL0O9y4UMStH+POvzHTVlDRA4HDOfdyT04Qc6YNQh/OxubW9s5ubi+/f3B4dFw4Oe3oKFGEtknEI9ULsKacSdo2zHDaixXFIuC0G0yvM787o0qzSN6ZeUx9gceShYxgYyV/OhwIbCZKpEQthoUichslr1JtQOSWPa9WrViCaqhSr0PPRUsUwRqtYeF9MIpIIqg0hGOt+x6KjZ9iZRjhdJEfJJrGmEzxmPYtlVhQ7afL0At4aZURDCNlnzRwqX7fSLHQei4CO5lF1L+9TPzL6ycmrPspk3FiqCSrQ2HCoYlg1gAcMUWJ4XNLMFHMZoVkghUmxvaUtyV8/RT+Tzol10Oud1suNkvrOnLgHFyAK+CBGmiCG9ACbUDAPXgAT+DZmTmPzovzuhrdcNY7Z+AHnLdP0I2SvA==</latexit><latexit sha1_base64="aBrzaVTcRd6eIGFyV58NWeVpOr0=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6b0uSu4cVnBPqAdSibNtKFJZkwyhTL0O9y4UMStH+POvzHTVlDRA4HDOfdyT04Qc6YNQh/OxubW9s5ubi+/f3B4dFw4Oe3oKFGEtknEI9ULsKacSdo2zHDaixXFIuC0G0yvM787o0qzSN6ZeUx9gceShYxgYyV/OhwIbCZKpEQthoUichslr1JtQOSWPa9WrViCaqhSr0PPRUsUwRqtYeF9MIpIIqg0hGOt+x6KjZ9iZRjhdJEfJJrGmEzxmPYtlVhQ7afL0At4aZURDCNlnzRwqX7fSLHQei4CO5lF1L+9TPzL6ycmrPspk3FiqCSrQ2HCoYlg1gAcMUWJ4XNLMFHMZoVkghUmxvaUtyV8/RT+Tzol10Oud1suNkvrOnLgHFyAK+CBGmiCG9ACbUDAPXgAT+DZmTmPzovzuhrdcNY7Z+AHnLdP0I2SvA==</latexit><latexit sha1_base64="aBrzaVTcRd6eIGFyV58NWeVpOr0=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6b0uSu4cVnBPqAdSibNtKFJZkwyhTL0O9y4UMStH+POvzHTVlDRA4HDOfdyT04Qc6YNQh/OxubW9s5ubi+/f3B4dFw4Oe3oKFGEtknEI9ULsKacSdo2zHDaixXFIuC0G0yvM787o0qzSN6ZeUx9gceShYxgYyV/OhwIbCZKpEQthoUichslr1JtQOSWPa9WrViCaqhSr0PPRUsUwRqtYeF9MIpIIqg0hGOt+x6KjZ9iZRjhdJEfJJrGmEzxmPYtlVhQ7afL0At4aZURDCNlnzRwqX7fSLHQei4CO5lF1L+9TPzL6ycmrPspk3FiqCSrQ2HCoYlg1gAcMUWJ4XNLMFHMZoVkghUmxvaUtyV8/RT+Tzol10Oud1suNkvrOnLgHFyAK+CBGmiCG9ACbUDAPXgAT+DZmTmPzovzuhrdcNY7Z+AHnLdP0I2SvA==</latexit>

[Braun, Leonhardt, Pospiech, PRD 96, 076003(2017) [Editor’s suggestion]; 
Braun, Leonhardt, Pospiech, PRD 97, 076010 (2018)]

Darmstadt, March 2019 | CRC 1245 Workshop | Kai Hebeler 



!11

First results for the equation of state of 
symmetric nuclear matter

[pQCD results (no diquark gap!) from E. S. Fraga, A. Kurkela, and A. Vuorinen (2015)]

• Diquark gap is generated for all densities above the chiral transition
• Good consistency with 𝜒EFT results!
Darmstadt, March 2019 | CRC 1245 Workshop | Kai Hebeler 
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Speed of sound of symmetric nuclear 
matter

[pQCD results (no diquark gap!) from E. S. Fraga, A. Kurkela, and A. Vuorinen (2015)]

• Speed of sound exhibits a maximum (open box: uncertainty estimate)
• Emergence of a diquark gap is crucial for the appearance of a maximum
Darmstadt, March 2019 | CRC 1245 Workshop | Kai Hebeler 
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Speed of sound of symmetric nuclear 
matter

[pQCD results (no diquark gap!) from E. S. Fraga, A. Kurkela, and A. Vuorinen (2015)]

• Speed of sound exhibits a maximum (open box: uncertainty estimate)
• Emergence of a diquark gap is crucial for the appearance of a maximum
Darmstadt, March 2019 | CRC 1245 Workshop | Kai Hebeler 
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existence of maximum consistent with 
constraints from neutron star masses

[Greif, Hebeler, Lattimer, Pethick, Schwenk, in preparation]
[Greif, Raaijmakers, Hebeler, Schwenk, Watts, MNRAS (2019)]
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Speed of sound of symmetric nuclear 
matter

[pQCD results (no diquark gap!) from E. S. Fraga, A. Kurkela, and A. Vuorinen (2015)]

• Speed of sound exhibits a maximum (open box: uncertainty estimate)
• Emergence of a diquark gap is crucial for the appearance of a maximum
Darmstadt, March 2019 | CRC 1245 Workshop | Kai Hebeler 

Work in progress (also for next funding period): 
Inclusion of higher-order operators to narrow down 
uncertainty bands plus extended study of RG scheme 
dependencies
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• Number of published articles: 17 (based on SFB webpage)
• Number of articles currently under review: 2
• Highlight publications:

• C. Drischler, K. Hebeler, and A. Schwenk,                                     
Phys. Rev. Lett. 122, 042501 (2019)

• J. Braun, M. Leonhardt, and M. Pospiech,                                      
Phys. Rev. D 96, 76003 (2017) [Editor’s suggestion]

• M. Leonhardt, M. Pospiech, J. Braun, C. Drischler, K. Hebeler, A. 
Schwenk, QCD constraints on the dense matter equation of state     
(in preparation)

• Additional articles in preparation:
• J. Braun, M. Leonhardt, M. Pospiech, Gluon-induced symmetry 

breaking patterns at high density

Summary

Darmstadt, March 2019 | CRC 1245 Workshop | Kai Hebeler 
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Summary

Darmstadt, March 2019 | CRC 1245 Workshop | Kai Hebeler 

• Major successes of the young researchers:
• M. Leonhardt: Travel prize of CRC 1245 (2018)
• M. Leonhardt: Best-poster prize, workshop on “From Correlation 

Functions to QCD Phenomenology”, Bad Honnef (2018)
• C. Drischler: PostDoc at Berkeley, Feodor Lynen stipend              

(since Fall 2017)
• C. Drischler: Internship at Ohio State University (January 2017)

• (Co-)Organization of workshops:
• Functional Methods in Strongly Correlated Systems, Hirschegg, 

Austria, March 31 - April 7, 2019



Plans for upcoming period

!17Darmstadt, March 2019 | CRC 1245 Workshop | Kai Hebeler 
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ABSTRACT

In recent years, there have been several successful attempts to constrain the equation of state
of neutron star matter using input from low-energy nuclear physics and observational data. We
demonstrate that significant further restrictions can be placed by additionally requiring the pressure
to approach that of deconfined quark matter at high densities. Remarkably, the new constraints turn
out to be highly insensitive to the amount — or even presence — of quark matter inside the stars.
Subject headings: equation of state — dense matter — stars: neutron

1. INTRODUCTION

The equation of state (EoS) of cold and dense strongly
interacting matter, which determines the inner structure
of compact stars (Glendenning 1997), is encoded in its
fundamental theory, Quantum Chromodynamics (QCD).
A full nonperturbative determination of the pressure of
the theory is still out of reach due to the so-called Sign
Problem of lattice QCD (de Forcrand 2010). Neverthe-
less, the methods of chiral effective field theory (EFT)
of nuclear forces (Epelbaum et al 2009) and high-density
perturbative QCD (pQCD) (Kraemmer & Rebhan 2004)
have matured enough to provide reliable predictions for
the EoS in the limits of low density nuclear matter and
dense quark matter, respectively. In particular, by now
both approaches produce results with reliable error es-
timates, implying that it is finally possible to quanti-
tatively estimate our understanding of the neutron star
matter EoS.
During the past couple of years, several articles have

addressed the determination of the neutron star EoS
by combining insights from low-energy chiral EFT with
the requirement that the resulting EoSs support the
most massive stars observed (see e.g. Hebeler et al.
(2013)). In particular, the discovery of neutron stars with
masses around two solar masses (Demorest et al. 2010;
Antoniadis et al. 2013) has recently been seen to lead
to strong constraints on the properties of stellar matter
(Lattimer 2012). While otherwise impressive, these anal-
yses have solely concentrated on the low density regime,
and have typically applied no microphysical constraints
beyond the nuclear saturation density n0. This has re-
sulted in EoSs that behave very differently from that of
deconfined quark matter even at rather high energy den-
sities.
In the present work, our aim is to demonstrate that

the EoS of neutron star matter can be significantly fur-
ther constrained by requiring it to approach the quark
matter one at high density. To do this, we use the state-
of-the-art result of Fraga et al. (2014), where a compact
expression for the three-loop pressure of unpaired quark
matter, taking into account the nonzero value of the
strange quark mass, was derived (see also Kurkela et al.
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Fig. 1.— Known limits of the stellar EoS on a logarithmic scale.
On the horizontal axis we have the quark chemical potential (with
an offset so that the variable acquires the value 0 for pressureless
nuclear matter), and on the vertical axis the pressure. The band
in the region around the question mark corresponds to the inter-
polating polytropic EoS that will be introduced in this work.

(2010a) and Kurkela et al. (2010b) for details of the origi-
nal pQCD calculation). A particularly powerful outcome
of the analysis is that the high density constraint signifi-
cantly reduces the uncertainty band of the stellar matter
EoS even at low densities, well below a possible phase
transition to deconfined quark matter. This implies that
the M -R relations we obtain are more restrictive than
previous ones even for pure neutron stars.
In practice, our calculation proceeds as follows (see

also fig. 1): at densities below 1.1n0, we employ the chi-
ral EFT EoS of Tews et al. (2013), assuming the true
result to lie within the error band given in this reference.
At baryon chemical potentials above 2.6 GeV, where the
relative uncertainty of the quark matter EoS is as large
as the nuclear matter one at n = 1.1n0, we on the other
hand use the result of Fraga et al. (2014) and its re-
spective error estimate. Between these two regions, we
assume that the EoS is well approximated by an interpo-
lating polytrope built from two “monotropes” of the form
P (n)=κnΓ. These functions are first matched together
in a smooth way, but later we also consider the scenario
of a first-order phase transition, allowing the density to
jump at the matching point of the two monotropes.

[Kurkela, Fraga, Schaffner-Bielich, Vuorinen, ApJ 789 (2014)] 
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Figure 7. Change in the EoS cloud (without a mass constraint) when allowing
for a third interpolating monotrope between the low and high density regimes.
(A color version of this figure is available in the online journal.)

Figure 8. EoS cloud corresponding to a nonzero latent heat ∆Q = (250 MeV)4 at
the matching point of the two monotropes, µ = µc . The black curves correspond
to a number of individual representative EoSs.
(A color version of this figure is available in the online journal.)

density at the matching point, corresponding to a first-order
phase transition between the nuclear and quark matter phases.

Starting with the number of monotropes, we generated a
large set of tritropic EoSs with randomly chosen matching
points and polytropic indices, which fulfill the smoothness
and subluminality constraints. Figure 7 depicts the effect of
this extra freedom on the EoS: we observe that, as expected,
the addition of a third segment somewhat increases the re-
gion of allowed EoSs, but the effect is small in comparison
with the other uncertainties of the calculation. From here,
we conclude that using bitropic EoSs should suffice for our
purposes.

To investigate the effect of a first-order phase transition at µc,
we next relaxed the smoothness condition in our matching of the
two monotropes. Keeping the pressure continuous but allowing
for a “latent heat” ∆Q ≡ µc∆n of the order of the QCD scale,
we first fixed ∆Q = (250 MeV)4 and proceeded to find solutions
for γ1 and γ2 that would lead to a consistent EoS. This led to
the rather restricted values γ1 ∈ [2.23, 4.03] and γ2 ∈ [1, 1.5],
for which the transition point was always found to lie within
the interval µc ∈ [1.4, 2.1] GeV. The corresponding region of
allowed EoSs, depicted in Figure 8, was found to be somewhat
smaller than in the case with smooth matching. From this (as

Figure 9. M – R clouds corresponding to tritropic and first-order phase transition
EoSs, shown together with our original result from Figure 3.
(A color version of this figure is available in the online journal.)

Figure 10. Comparison of our EoSs with those of Hebeler et al. (2013), labeled
HLPS in the figure. As is clear from the sizes of the green and light blue regions,
corresponding respectively to our bitropic EoSs and the HLPS results (with the
two solar mass constraint implemented in both), the high-density constraint
significantly shrinks the allowed range of EoSs.
(A color version of this figure is available in the online journal.)

well as similar calculations performed for ∆Q = (175 MeV)4

and ∆Q = (225 MeV)4), we conclude that the assumption of
smooth matching made in the previous section was in fact
justified when searching for the least restrictive bounds for
the EoS.

For EoSs displaying a phase transition, one can also estimate
the amount of quark matter in the cores of the stars. This is seen
from Figure 6, which shows the relation between the maximum
chemical potential reached at the center of a maximally massive
star µcenter and the critical (matching) chemical potential µc.
We see that all EoSs that fulfill the mass constraint lie above the
µcenter > µc line, and are therefore able to support stars with
quark matter cores. However, the stronger the transition is, the
smaller the window for quark matter: for ∆Q = (250 GeV)4,
there is practically no quark matter left in the cores of
the stars.

In Figure 9, we finally show the effect of the third monotrope
and a nonzero latent heat on the obtained M – R clouds. In
particular, we see from here that allowing for a tritropic
interpolation does not have a large impact on the M – R plot: the
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Generalization of fRG framework to isospin-asymmetric and pure 
neutron systems can significantly improve constraints

Current status:
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FIG. 4. (Color online) Saturation density and energy of symmetric nuclear matter at di↵erent orders in MBPT for the NN and
3N interactions at N2LO and N3LO of Fig. 3. The points are for di↵erent values of cD (annotated numbers), while the red-dotted,
green-dashed, and blue-solid lines correspond to calculations at second, third, and fourth order in MBPT. The left (right) two
panels are for N2LO (N3LO) with ⇤ = 450MeV and ⇤ = 500MeV. The diamonds in each panel represent the calculations with
a simultaneous good reproduction of both saturation density and energy at fourth order in MBPT. The empirical saturation
region is given by the gray box (see Fig. 1).

small for the “1.8/2.0” interaction, but also in the other
cases smaller than the third-order contributions.
Fit to saturation region.– The observed convergence

pattern indicates that the studied nonlocal interactions
are su�ciently perturbative and allow calculations with
controlled many-body uncertainties. This o↵ers the possi-
bility to use the newMonte-Carlo framework for constrain-
ing the 3N couplings using information from nuclear mat-
ter. In this Letter, we demonstrate this using the N2LO
and N3LO NN potentials of Entem, Machleidt, and Nosyk
(ENM) [39] with ⇤ = 450MeV and ⇤ = 500MeV, which
are very promising also in terms of their Weinberg eigen-
values [52]. As a first step, we fit to the 3H binding energy,
which leads to a relation of the 3N couplings cD and cE
shown in Fig. 3. For the fits, we include all 3N contri-
butions consistently up to N2LO and N3LO, respectively.
The corresponding 3N matrix elements were computed
as in Ref. [43]. We use ⇤3N = ⇤NN = ⇤ and a nonlocal
regulator of the form f⇤(p, q) = exp[�((p2+3/4q2)/⇤2)4]
for the Jacobi momenta p and q of the initial and final
states [33]. For both cuto↵s and chiral orders, we obtain
cE couplings of natural size in the wide cD range explored.
As a second step, we calculate nuclear matter for the

range of 3N couplings and determine the saturation point.
In Fig. 4, we present the saturation points at N2LO and
N3LO as a function of the cD and at di↵erent orders in
MBPT. Similar to the interactions shown in Fig. 2, we
find a natural convergence pattern. Note that the shown
points on the trajectories correspond to di↵erent cD val-
ues at second order compared to third and fourth order.
Contributions at third order are therefore more signifi-
cant in these cases, whereas fourth-order corrections are
again much smaller as is shown in Table I. In general,
Fig. 4 demonstrates that it is possible to determine natu-

ral cD/cE combinations at N2LO and N3LO with reason-
able saturation properties for both cuto↵ cases considered.
However, with respect to our N2LO results, N3LO contri-
butions provide slightly too much repulsion.
In each panel of Fig. 4, we mark the three couplings

that provide a reasonable fit to the saturation region
by black diamonds, whereas the actual cD/cE values are
given in the annotations in Fig. 3. The resulting equa-
tions of state of symmetric nuclear matter and neutron
matter at N2LO and N3LO are shown in Fig. 5. Note
that only two lines are present in neutron matter since
the shorter-range 3N interactions do not contribute [25].
For completeness, the calculated N3LO 4N Hartree-Fock
energies at n0 are ⇡ 150 keV for both cuto↵s, which is
negligible compared to the overall uncertainty [18]. As
for the Hebeler+ and NNLOsim results, the symmetry
energy and the L parameter are predicted with a remark-
ably narrow range. In symmetric matter, we also observe
a weak cuto↵ dependence at N3LO, whereas the results
for ⇤ = 450MeV are clearly separated from ⇤ = 500MeV
at N2LO, with the former achieving the best fits to the
saturation region. Finally, we estimate the theoretical un-
certainty from the chiral expansion following Ref. [38],
using Q = p/⇤b with breakdown scale ⇤b = 500MeV
and average momentum p =

p
3/5 kF. The bands overlap

from N2LO to N3LO, and we clearly see that the theoret-
ical uncertainties are significantly reduced at N3LO.
Summary.– We have presented a new Monte-Carlo

framework for calculations of nuclear matter, which al-
lows to include higher order contributions from chiral
interactions and is capable of going to high enough or-
ders in the many-body expansion for suitable interac-
tions. The new method was applied to the calculation of
the symmetric-matter and neutron-matter energy in an

Figure 14: Saturation density and energy of symmetric nuclear matter at 2nd, 3rd and 4th order in MBPT for the NN and 3N interactions at N2LO
and N3LO. The points indicate di↵erent values of cD, while the red-dotted, green-dashed, and blue-solid lines correspond to calculations at di↵erent
orders. The left (right) two panels are for N2LO (N3LO) interactions with ⇤ = 450 and 500 MeV [150]. The diamonds in each panel represent
the calculations with th best simultaneous reproduction of both saturation density and energy at fourth order. Figure taken from Ref. [95]. See this
reference for details.

original Coester line with NN potentials only, however, the green band encompassing all shown theoretical saturation
points overlaps with the empirical saturation region because of the inclusion of 3N forces.

Furthermore we find a systematic trend towards higher saturation densities and larger binding energies as we are
decreasing the NN resolution scale �SRG. This trend translates in a systematic way to the ground state energies and
radii of finite nuclei over a wide mass range, from 4He to much heavier nuclei up to 78Ni as shown in Fig. 13. Remark-
ably, all calculated ground-state energies from the 1.8/2.0 interaction are in very good agreement with experiment,
except for the neutron-rich oxygen isotopes 22,24O. The other three shown interactions follow the same pattern but are
shifted by as much as 1.5 MeV/A in the case of the ’2.0/2.0 (PWA)’ interaction (see Ref. [88] for details). The exper-
imental charge radii are enclosed by the 2.2/2.0 and 2.0/2.0 (PWA) results, but the trend observed for the closed-shell
nuclei studied in detail already above appears to hold at least up to 78Ni. That is, radii with 1.8/2.0 to 2.2/2.0 are too
small, but 2.0/2.0 (PWA) gives slightly too large radii. As in the case of ground-state energies, the radius systematics
is similar for all Hamiltonians, with mainly only a constant shift for the di↵erent interactions. This behavior for the
ground-state energy and charge radii is clearly reminiscent of the Coester-like line for the saturation points of the four
Hamiltonians considered, as shown in the right panel of Fig. 12. However, the reason why in particular interaction
1.8/2.0 leads to such an excellent agreement with experimental ground state energies remains an open question. Nev-
ertheless, thanks to these promising results for heavier nuclei this set of interactions has been used quite intensively
in recent years in ab initio studies of medium-mass nuclei. We will present a selection of these results in more detail
in Sect. 5.

The results discussed above highlight the importance of realistic saturation properties of infinite matter for nuclear
forces, even though a deeper and more quantitative understanding of the connection between properties of matter and
finite nuclei is still lacking. This suggestes that it might be useful to include information about saturation properties
in the construction of the interactions. However, the explicit incorporation of nuclear matter properties in the fit
process of nuclear forces has not been achieved until recently [95]. In Fig. 14 we show results form the saturation
point based in NN interactions of Ref. [150] at N2LO and N3LO as a function of the LEC cD (annotated numbers of
the data points), while the relation between cD and cE was determined via the 3H binding energy (see Fig. 8). Note
that for such fits to nuclear matter properties e↵ectively two LECs are fitted to three observables, E3H, the saturation
energy E(n0)/A, and the saturation density n0. That implies that it is not obvious if a simultaneous reproduction of all
observables can be achieved. Remarkably, for the shown cases in Fig. 14 a reasonable reproduction can be found for
all four interactions. These best fits are indicated by the black diamonds in each panel. In Section 5 we will present
first results for finite nuclei based on these interactions.

Finally, NN and 3N interactions derived within chiral EFT have been applied to nuclei using Lattice methods [76,
81, 83, 188]... How are 3N LECs fitted (cE to 3H bininging energy plus e↵ective 4N copupling bacuase of artifacts).
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FIG. 7. (Color online) Ground-state energies and charge radii
of 16O and 40Ca in blue and red, respectively, as a function of
cD with corresponding cE value, see Table I. We show results
for unevolved and SRG-evolved to � = 1.8 fm�1 interactions.
The experimental values are given by the dashed lines.

V. SUMMARY AND OUTLOOK

• In this paper we have studied for the first time con-
sistent NN+3N interactions with realistic saturation
properties in the IM-SRG.

• We investigated ground-state energies and charge
radii of closed- and open-shell nuclei and their de-
pendencies on cuto↵ and LEC variations.

• Binding energies predicted by the novel interactions
underbind nuclei and lead to charge radii that are
somewhat too large, however the relative discrep-
ancy to experiment is smaller.

• We found a weak cuto↵ dependence for the EMN
NN+3N calculations, although the predictions for
the NN-only interactions show a clear dependence
on the cuto↵.

• Our results remain nearly insensitive to variations of
the 3N couplings fixed to the triton binding energy.

FIG. 8. (Color online) Ground-state energies and charge radii
of 40Ca and 52Ca in blue and red, respectively, for variation
of the LECs c3, c4 by ±1 GeV�1 and cD, cE by ±1. We ad-
ditionally show variations of cE + 0.7 and cE + 0.4, as well
as setting all LECs but c3 to zero (c3 only). The first point
(central value) indicates the result for the fit to the saturation
region.

• Moreover, for variations of the N2LO LECs we found
large changes for energies and radii only for adjust-
ments of cE . Two cE modified interactions lead to
better agreement of binding energies and charge
radii but significantly overbind the triton.

• This work has shown that even if interactions lead
to reasonable saturation properties, predictions for
medium-mass and heavy nuclei still can deviate
from experiment.

• This finding remains puzzling, is still not fully un-
derstood and requests further investigations.

• Finally, we examined ground-state energies, charge
radii, and first excited 2+ energies of the calcium
isotopic chain in the VS-IM-SRG.

• The results presented in this work can serve as use-
ful feedback for fitting new potentials, especially
regarding the 3N force.
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Challenge: Understanding the connection 
between nuclear matter and nuclei (A04)

[Drischler, Hebeler, Schwenk, PRL122 (2019)] 

[Hoppe, Drischler, Hebeler, 
Schwenk, Simonis, in preparation] 
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FIG. 4. (Color online) Saturation density and energy of symmetric nuclear matter at di↵erent orders in MBPT for the NN and
3N interactions at N2LO and N3LO of Fig. 3. The points are for di↵erent values of cD (annotated numbers), while the red-dotted,
green-dashed, and blue-solid lines correspond to calculations at second, third, and fourth order in MBPT. The left (right) two
panels are for N2LO (N3LO) with ⇤ = 450MeV and ⇤ = 500MeV. The diamonds in each panel represent the calculations with
a simultaneous good reproduction of both saturation density and energy at fourth order in MBPT. The empirical saturation
region is given by the gray box (see Fig. 1).

small for the “1.8/2.0” interaction, but also in the other
cases smaller than the third-order contributions.
Fit to saturation region.– The observed convergence

pattern indicates that the studied nonlocal interactions
are su�ciently perturbative and allow calculations with
controlled many-body uncertainties. This o↵ers the possi-
bility to use the newMonte-Carlo framework for constrain-
ing the 3N couplings using information from nuclear mat-
ter. In this Letter, we demonstrate this using the N2LO
and N3LO NN potentials of Entem, Machleidt, and Nosyk
(ENM) [39] with ⇤ = 450MeV and ⇤ = 500MeV, which
are very promising also in terms of their Weinberg eigen-
values [52]. As a first step, we fit to the 3H binding energy,
which leads to a relation of the 3N couplings cD and cE
shown in Fig. 3. For the fits, we include all 3N contri-
butions consistently up to N2LO and N3LO, respectively.
The corresponding 3N matrix elements were computed
as in Ref. [43]. We use ⇤3N = ⇤NN = ⇤ and a nonlocal
regulator of the form f⇤(p, q) = exp[�((p2+3/4q2)/⇤2)4]
for the Jacobi momenta p and q of the initial and final
states [33]. For both cuto↵s and chiral orders, we obtain
cE couplings of natural size in the wide cD range explored.
As a second step, we calculate nuclear matter for the

range of 3N couplings and determine the saturation point.
In Fig. 4, we present the saturation points at N2LO and
N3LO as a function of the cD and at di↵erent orders in
MBPT. Similar to the interactions shown in Fig. 2, we
find a natural convergence pattern. Note that the shown
points on the trajectories correspond to di↵erent cD val-
ues at second order compared to third and fourth order.
Contributions at third order are therefore more signifi-
cant in these cases, whereas fourth-order corrections are
again much smaller as is shown in Table I. In general,
Fig. 4 demonstrates that it is possible to determine natu-

ral cD/cE combinations at N2LO and N3LO with reason-
able saturation properties for both cuto↵ cases considered.
However, with respect to our N2LO results, N3LO contri-
butions provide slightly too much repulsion.
In each panel of Fig. 4, we mark the three couplings

that provide a reasonable fit to the saturation region
by black diamonds, whereas the actual cD/cE values are
given in the annotations in Fig. 3. The resulting equa-
tions of state of symmetric nuclear matter and neutron
matter at N2LO and N3LO are shown in Fig. 5. Note
that only two lines are present in neutron matter since
the shorter-range 3N interactions do not contribute [25].
For completeness, the calculated N3LO 4N Hartree-Fock
energies at n0 are ⇡ 150 keV for both cuto↵s, which is
negligible compared to the overall uncertainty [18]. As
for the Hebeler+ and NNLOsim results, the symmetry
energy and the L parameter are predicted with a remark-
ably narrow range. In symmetric matter, we also observe
a weak cuto↵ dependence at N3LO, whereas the results
for ⇤ = 450MeV are clearly separated from ⇤ = 500MeV
at N2LO, with the former achieving the best fits to the
saturation region. Finally, we estimate the theoretical un-
certainty from the chiral expansion following Ref. [38],
using Q = p/⇤b with breakdown scale ⇤b = 500MeV
and average momentum p =

p
3/5 kF. The bands overlap

from N2LO to N3LO, and we clearly see that the theoret-
ical uncertainties are significantly reduced at N3LO.
Summary.– We have presented a new Monte-Carlo

framework for calculations of nuclear matter, which al-
lows to include higher order contributions from chiral
interactions and is capable of going to high enough or-
ders in the many-body expansion for suitable interac-
tions. The new method was applied to the calculation of
the symmetric-matter and neutron-matter energy in an
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FIG. 7. (Color online) Ground-state energies and charge radii
of 16O and 40Ca in blue and red, respectively, as a function of
cD with corresponding cE value, see Table I. We show results
for unevolved and SRG-evolved to � = 1.8 fm�1 interactions.
The experimental values are given by the dashed lines.

V. SUMMARY AND OUTLOOK

• In this paper we have studied for the first time con-
sistent NN+3N interactions with realistic saturation
properties in the IM-SRG.

• We investigated ground-state energies and charge
radii of closed- and open-shell nuclei and their de-
pendencies on cuto↵ and LEC variations.

• Binding energies predicted by the novel interactions
underbind nuclei and lead to charge radii that are
somewhat too large, however the relative discrep-
ancy to experiment is smaller.

• We found a weak cuto↵ dependence for the EMN
NN+3N calculations, although the predictions for
the NN-only interactions show a clear dependence
on the cuto↵.

• Our results remain nearly insensitive to variations of
the 3N couplings fixed to the triton binding energy.

FIG. 8. (Color online) Ground-state energies and charge radii
of 40Ca and 52Ca in blue and red, respectively, for variation
of the LECs c3, c4 by ±1 GeV�1 and cD, cE by ±1. We ad-
ditionally show variations of cE + 0.7 and cE + 0.4, as well
as setting all LECs but c3 to zero (c3 only). The first point
(central value) indicates the result for the fit to the saturation
region.

• Moreover, for variations of the N2LO LECs we found
large changes for energies and radii only for adjust-
ments of cE . Two cE modified interactions lead to
better agreement of binding energies and charge
radii but significantly overbind the triton.

• This work has shown that even if interactions lead
to reasonable saturation properties, predictions for
medium-mass and heavy nuclei still can deviate
from experiment.

• This finding remains puzzling, is still not fully un-
derstood and requests further investigations.

• Finally, we examined ground-state energies, charge
radii, and first excited 2+ energies of the calcium
isotopic chain in the VS-IM-SRG.

• The results presented in this work can serve as use-
ful feedback for fitting new potentials, especially
regarding the 3N force.
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Challenge: Understanding the connection 
between nuclear matter and nuclei (A04)

[Hoppe, Drischler, Hebeler, 
Schwenk, Simonis, in preparation] 
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quantitative connection still puzzling
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Thanks to the crew!
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Backup

!23

Functional renormalization group at higher densities
• Dynamical generation of four-quark interactions by gluodynamics,  

importance of Fierz-completeness at high density and low temperature
• Connecting to low-energy dynamics by utilizing RG flow of gluon-induced four-

quark couplings at high densities
• Studies with diquark gap taken to be zero agree with perturbative calculations at 

hight density; however, gap plays an important role at intermediate densities
• Equation of state: consistent with perturbative calculations at high density and 

χEFT at low density

Chiral effective field theory at lower densities
• Efficient Monte-Carlo framework for MBPT (automatic code generation; 4th order)
• Improve fits of LECs for development of improved nuclear interactions guided by 

empirical nuclear saturation properties
• Possible to generalize framework to finite temperature
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