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ll. Fundamentals of Continuum Mechancis

Supplimentary slides
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2.1 Conventions and Theorem

&
€9 €1 \ Please refer to the
L, mansucript for more
> details. Feel free to ask

€1
guestions in Q & A

session in Zoom.

Cartesian coordinates
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2.2 Stress sy
Stress vector DARMSTADT
Normal stress
F F
F
F i
LA F A
A
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2.2 Stress
Stress vector

Shear stress
F

|
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2.2 Stress
Stress vector
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A Stress vector at a material point:
_ AF dF
m
T AAs0AA dA

\ )

Decomposition of the stress vector:

normal stress: o=t -n

shear stress: 7=+t -t — o?
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2.2 Stress
Stress vector

Stress vectors on different cross sections at one point
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2.2 Stress
Stress tensor

Stress vectors X2 X,
g A
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2.2 Stress
Stress tensor

Stress components in three perpenticular cross sections.

Oz
A
04
0'2}/_"
T42 — O33
014 O34
pu S
T2 I =~ | Y b,
X2 O34 2 \ 012 Ao
23
Pra——
O33 021
X1
Y
X3 Oz

Alternatively we can write all the components in one matrix

011 0O12 013
[Uij]: 021 022 023

031 032 033 x;—Coor.
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2.2 Stress sy
Stress tensor DARMSTADT
Comments y ‘)T_» 021012

 Double indices notation: the first index describes the direction of the . )? QL% ﬁ
normal vector of the cross section, while the second indicates the /L. c
direction of the stress component itself.

« Symmetry of the stress tensor, and thus also the symmetry of the
matrix: This is due to the momentum balance, the shear components
in two perpenticular sections.

021 = 012, 0923 = 032, 031 = 013 g1 012 013
[Uij] — 022 023
O-’Lj — O-j’b sym 033 x;—Coor.
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2.2 Stress
Stress tensor

« Cauchy’s formula
ti = on; = (};?4 116 2”2* 0751
g

« Transformation relation

/ / QO

A

Pl

. . O:
where a;;, is the rotation tensor e 210
. 12
between the two coordinates. 2 ! .
— 011

—_ ! _ ! ez /I-O-?ﬂ 013
a;, = e; - e, = cos(x;, xg)

It appears twice in the e;
transformation relation. Thus the = —S O
stress tensor is of 2nd order. LG\S Cov L
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2.2 Stress
Stress tensor

* Principal stress oq,0,,05: Extreme values of the normal stress wrt. the rotation of
coordinates. There exists always a special coordinate system, in which the shear stress
components vanish and there left only with normal stress components. This coordinate
system is called principle coordinates, and the related normal stress components are

called principle stresses.

011 012 013 op U C
O = | 021 0322 093 =10 o2 9
031 032 033 z;—Coor. 0 0 03 Principle—axises

o1 =2 09 2 03

Likewise there is a particular coordinate, in which the shear stress take extreme values,
the so-called principle shear stress t,,,,. The related normal stresses are in general not
zero, but the mean of the principle stresses.

g1 — 03

Tma:c -

2
The related normal stresses are in general not zero, but the mean of the principle stresses.
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2.2 Stress
Stress tensor

I —> 014
(02

Invariants: quantities which do not change during rotation of coordinates

IUZO'Z@:(Tl‘I—O'Q—i‘O'g

IIU = %(Jijgij — O_iio-jj) = —(0’10'2 —+ 0903 + 0'30'1)

IIIO- — detoij — 010903
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2.2 Stress
Stress tensor

« Decomposition of the stress state into the hydrostatic state and the deviatoric state

011 012 013 om0 0 011 — O 012 013
091 099 093| =10 o, 0|+ 091 020 — Oy 093
031 O3y 033 0 0 on 031 032 033 — Oy

» " S 4
Om — (0'11 + 099 + 0'33)/3 JAJJW%'“».I‘L deV%cfoy;(

O 8\3 T S3
- \%neoizev ’PQL 0‘
/)

The second invariant of the stress deviator:

1 1
JQ = IIS = _Sijsij = 6

5 (01—02)2+(U2—03)2+(03—01)2]
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2.2 Stress
Stress tensor

« Alternative representation of stress components
O X1,X2,X3 = X,¥,Z; ThUS 011 = Oxyx, 012 = Oxy, 013 = Oxy
o Inthis case, the normal stress oy, 0y,, 0, are written in a short form of oy, 0, 0,
O 012,023,031 7 T12,723,T31

o Voigt Notation:

011 01
J99 09

011 012 013
J33 a3

[Uzg] O22 023 — —

J33 04

sym 033 x;—Coor. 031 5
[ O12 ] x;—Coor. 76 z;—Coor.

11—-1 22—-2 33—+3 23—+4 31—=-5 126
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2.2 Stress
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Stress tensor PARMSTADT
The stress tensor in 2D and its analysis:
02 /O.7
9*
\A/, in principle axis
L L I L e
N Tyx Oy Xy—co. ng  On é&n—co. 0 o principle co.
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Stress tensor DARMSTADT
The stress tensor in 2D and its analysis:
Oy Or]
Ten
- Tf—» % " aj, = cos(e; - ey)
o-)(
‘_l = A 0 _ [cosf sin6
1 ! 3 2 —sinf® cos6

[05,'@0] _ [cos@ sin 9] [UX,TXy] [cos@ sin 9] !

Tens O —sinf cosf| |7y,0,| |—SINO cosl

o¢ = 0 COS? 0 + 7, SIN° 0 + 275, 8in6 cOS 0
Ten = —(0x — 0,) 8iN 6 cos 0 + 7y (cos? O — sin® 0)
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2.2 Stress
Stress analysis

\ 40N
__.‘F= *..:-“] ¢ — -
A':;Afcoscp
F F
AP B— e >
&
F F
A=—g = — oW
=N
2
T= Tt =g
_ Uniaxial tension test:
= -t S'MP - = (ﬁgc? S\MQ » Brittle materials fracture along vertical
A Cross section
* Ductile materials fracture along 45 degree
_E 10
Om W TR, ot (P =0 __| mox Torsion test
B A= » Brittle materials fracture along 45 degree

* Ductile material fracture along vertical

- F ~
\("’\6\ ~3A/ a (9:4-50 5><:\/ (RN cross section
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2.3 Kinematics (Deformation)
Displacement, Deformation

-
L]
a®

volumetric deformation

general deformation
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2.3 Kinematics (Deformation)

Strainin 1D

| AL
Overall strain: &€ = —

L

Displacement field u/(x)

Local strain: 9
- dx +du—dx _ dx—l—adx—dx ou
e(x) = lim = lim = —
dx—0 dx dx—0 dx OXx
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2.3 Kinematics (Deformation)

Strain tensor in 2D

We only consider the case of small deformation.

<
\l{
;\f
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S'(x+tu+tu dy, yrdy+v+v dy)

P -PQl - 9u
PQl T ox
SN i R
PEPS] T Y T oy
o Sy 1 100 o
] = Sxy = E(@JFB) = i(@Jfa)
sym gy
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2.3 Kinematics (Deformation)

strain tensor in 3D

Displacement field:
Ui(X1.X2,X3), U2(X1.X2.X3). U3(X1.X2.X3)

en £12 €3] L
normal strain | =
] — Ejj . . .
lej] = £22  £23 . shear strain | # j
sym £33
o dun ~ Oua - Ous3
1N dX1 s 22 — 8)(2 3 33 — ng
1 8U1 8U2 1 8U2 8U3 1 8U3 8U1
& = £ - — p —+— p R & = £ _— = . —+_ ; . 15 =& — A P + ‘
e A 2(dx2 % ) 2= a2 2(ax3 X, ) fa =53 = 5 Ox1 | 03

B 1, 0u; @Uj _1 B N
et/ B E(axj + 6Xj) — z(u"s}' + UJ':")
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Comments

- The strain tensor is also a tensor of 2nd order. The general features of a
tensor 2nd order are also valid, including transformation relation, principle

strains and invariants.

Transformation relation:

~ ~
jj = AikGjI<kl

In 2D: "
ee = 5(ex +2y) + 5(xa 5) cos 20 + £y sin 26
ey = 2(ex +5y) — 2(ex — &) cos 20 — 4, sin 20
~ 1 1¢- ~ ' ~
Een = 5Ven = —5(&x —y)sin 20 + £,y cos 20

where ¢, £, and e¢,, = 3¢, are componentes in the new coordinate (¢, ),
which has a rotation angle ¢ to the cooerdinate system (x.y) .
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- Decomposition into a volumetric part € 0;/3 and a deviatoric part e;:

1 .
Sij = §5kko.fj + €
or
e €12 €13 em 00 1M —Em €12 £13
e €22 3| =0 em O]+ e cn—em 23
€31 €32 €33 0 0 &epy £31 €32 €33 — Em
with

Volume strain : ¢, = gy
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- Compatibility condition: the displacement vector u has 3 components, but
the strain tensor € has 6 Components. It implies that the components of the
strain tensor ¢;; are not independent from each other.

A
7,
>
]
Sijul + Ektij — Eikjl — ik = 0. in 3D
T oogggn 40T T
A4 ~DO/aan ez +e2m—28212 = 0, mn2D
LN O
OO/ 7

LI/ [7

If the compatibility conditions are violated, there may exist no
correspondingly smooth displacement field (rupture or interpenetrating of
the materials)
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- Alternative representation of the strains:
+ When the coordinates x.y. z are used, we have
E1 = Exxy €12 = Exy, €13 = Exz-

+ The normal stresses ¢y, ¢y, £5, are often written as <y, ¢y, ;.

t Y12 = 2612, 723 = 2623, 731 = 2¢31.
+ In the Voigt notation the strain components are saved in an array:

€11 <1
- €22 €2
<11 =12 <13 , £33 £x
[CU] — €22 £23 — 28.23 — 28,4
Sym £
y 33 x;,—coor. 2231 2cs
_2e;12_ xi—Coor. _2t6_ xj—Coor.
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2.4 Balance equation

Principle of linear momentum: the total force acting on a static or
quasi-static volume should be balanced.

Force acted in any volume V:

/t;dA—I—/f;dV/O'ﬂnjdA—l—/ﬁdVO
A % A vV

in which the Cauchy’s Formula t; = ojin;
is used. By using the Gaul} theorem,

/ (Jj;._j + f,) dv =20
%

This equation holds for any volumen V.
X1 f- volume force Thus

X3 t. traction ojij + fi=0
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or {
(')0'11

8X1
00'12

8X1
0{713

6X'|

Tjij =+ fi=0
(f_) .

/72 (?031 -0
(')XQ (')Xg

00'22 80'32 n f.—0
/0723 /033

f3 =0

(")Xz (")Xg LRE

The boundary conditions can be:

ajin; =1

or

011M + 091N9 +— 031N3 = t;(

d12M + 022N + 032N3 = 1

013M + 023N + 033N3 = 13

Micromechanics | Mechanics of Functional Materials | FB11, TU Darmstadt | Prof. Dr. Bai-Xiang Xu | WS2020/21 11
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8§ 2.5 Material law

matenrial law

stress <= > strain
(loading) (deformation)

What is material law?

- A material law is the physical relationship between the force quantities and
the kinematic quantities.

- A material law depends on the material; it can only be characterized with the
help of experiments or ab initio calculations.
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A typical stress-strain curve of steels

A
_ _ L' o,=FIA,
. linear elastic L e
Il. yieldin
y J o=FIA
I1l. hardening
V. necking
~{ (]
L
o
e=AL/L

E = o/ Young's modulus. of: Yield strength
A, : deformed cross section. o,,: true stress

FUNCTIONAL
MATERIALS
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Linear elastic material law: 1D

Q
|
m
m

m| 9

or

m

Comments:
It is called the Hooke's law (Robert Hooke 1635 — 1703).
The Young's modulus E is a material constant.

E is usually the same for compressive and tensile loading.

E has the same dimension as stress, N/m? or Pa; N/mm? or MPa;
kN/mm? or GPa

At room temperature, for instance, E for steel is around 210 GPa,
aluminum 70 GPa, and wood 7-20 GPa.
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Linear elastic material law: 3D

Similar to the 1D case, we have the Hooke's in the 3D, by considering the
stress and strain tensors.

ojj = Eijki<i

where Ejy is the stiffness tensor.

One can reverse the Hooke's law and writes the strain components from the
stress components.
The coefficient tensor is then called corpliance tensor Sjy:

gij = Sijki Oki

Both the stiffness and the compliance tensors are of the 4th order.
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There should be in total 3* = 81 constants for a general tensor of 4th order.
However, Ejjy has the following symmmetry features:

g
-

Due to the symmmetry of o = oj and ¢ = ¢j;, O—\) — tij\q 1/\
. N
Eii = Ejiki = Eijji (minor symmetry)

Due to the quadratic form of the strain energy density for a linear elastic
material:

Eija = %’i" (major symmetry)

Therefore the independent number of components decreases from 81 to 21.

In other words, a general anisotropic materials are expected to have maximal
21 elastic constants.

Similarly, the compliance tensor Sy, has both the minor and the major
symmetries:

Siiki = Sjiki = Sijik = Skiij
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From the tensor notation of the Hooke's law oj; = Ejjcy, one has
o = Enwen
= Emmen+Emzen + Emseas
+En21 221 + Enaz 222 + Ennz €23

+En31231 + Enz2 €32 + B3z €33

= Emmen + &2z +Enssess & W
TN It
+2E1123 223 + 2En1g £a1 + 2Bz €12 5;
— ZL';(H/ ) t/WZZ/ L’/:])/ L/“ 2% 654/ tﬁ 25’3
. 2 231
Similarly, one can calculate all the other stress components. 291
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We use the Voigt notation for the stress and strain tensor and can rewrite the

Hooke's law in the following matrix notation:

11 Evn Enze  Enmss Emes Enzt Enne e
092 Eoon  E2200 E2233 E2203 E2231 Ezon €92
033 |  |Ezsn Eszz2 Eszzzz E3zzzz Ezzzr Ezszie £33
023 | |E2an E2zn Enzzzs Ezzps Enzzi Eoapo 2¢93
031 E311 Esz122 Ezizz Ezps  Ezzr Ezme 2e31
ar |E1on Evoo Eqozz Evsoz Evoz Evoin| | 2e12
By 1—1 22—+2 33—+3 23—4& 31—95 12—6,

071 Evi Eww Eiz By Eis Ege 3

09 Eoo  Ezz Ezs Eps  Ege €2

o3 | Ezz Ezs Ezs Egzg =3

os | sym Eqs Eas Eue €4

o5 Ess Esg 2¢c5

| 06 i Eeo | | 226

Thereby, the major symmetry of the stiffness tensor Ejj; = Eij; is used.
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14 Bravais lattices
Crystal family | Lattice system | Schonflies
Primitive (P) | Base-centered (C) | Body-centered (I} | Face-centered (F)
{3
Triclinic C; o l
aP
Monoclinic Coan r@ h
mP mS
Orthorhombic Dan § F § §
b b b b
oP 05 ol oF
W
Tetragonal Dap B hS r
L L
T a ]
tP tl
Ne
Rhombohedral | Dag | ¢ l ’
a
hR
Hexagonal y=10
¥
[y
Hexagonal Den
[
hP
Cubie O B r B
a a a
cP cl cF




For materials with certain structure symmetry, the stiffness tensor has
additional structure related symmetry, which further decreases the number
of independent components. Take the monoclinic materials as an example.
They have a symmetric plan, see x3 = 0. Therefore it is expected that

!/
1123 — E1123

On the other hand, the stiffness tensor is of the 4th order. In other words, the
following transformation tensor relation holds E/jj,p, = aja@j@omapnEximn,
where [a;] is the rotation tensor. Conzidzring the rotation matrix for the
coordinate to the one mirrored after itasymmetric plan x3 = 0, i.e.

10 0
[a]=10 1 0
0 0 -1

one obtains from the transformation relation:

!
Et123 = @im@1n82p83gEmnpg = @nanazeassbizz = —Eizs
—————— ¥

Thus, it can only be Eq153 = 0.
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Likewise, one can check all the components. It turns out that the number of
the independent components of Ej, for the monoclinic material is reduced to
13, and its matrix notation has the following form:

01 Eyvy Eip Ei3 0 0 Eqe &1
o) Ero Exz 0 0 Eg £2
013 o E33 0 0 E36 £
o4 | sym Eqs Es5 O €4
J5 E55 0 £5
i 06 | i E66_ i 256 |
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Orthotropic materials have three perpendicular symmetric planes i.e.
x1 = 0.x, = 0.x3 = 0. They have 9 independent elastic constants, and the

stiffness matrix is:

o Evvw Ep E3 0 0 O €1
a9 E22 E23 0 0 0 g9
J3 . E33 0 0 0 €3
04 a Sym E44 0 0 254
Jgg5 E55 0 255

i Tg | i E66_ i 256 |
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Transversely isotropic materials have three perpendicular symmetric planes
X1 = 0,x, = 0. x3 = 0 and additionally one rotational symmetric axis e.g. xs.
They have 5 independent elastic constants, and the stiffness matrix is:

T oy Evv Eip Ei3 0 O 0 1 T .
o Ev Es O 0 0 -
E;z O 0 0
(TS L c3
os | = sym Esr O 0 e,
Jg E44 1 0 255
| 06 | E(E‘]‘] —E12) i 26 |
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For cubic materials e.g. Cu, the independent number of components further
decreases to 3. The stiffness matrix looks like:

01 Evv Ewp E2 0O 0 0 €1
o)) Eﬂ E12 0 0 0 £
013 o E11 0 0 0 £13
T4 a Sym E44 0 0 254
J5 E44 0 2-55
i g | i E44_ i 256 |
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In the case of isotropic materials, there are only 2 independent
components/constants.

[ o1 ] (E11 B Evp 0 0 0 e
09 Ev1  Ep 0 0 0 €9
dJ3 o E11 O 0 0 £13
os | sym 2(En — Epp) 0 0 2z4
s 2(En — Ep) 0 2es

| 06 | i %(E‘]‘] — E12)_ _256_
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Isotropic stiffness tensor

In fact, any isotropic tensor of the 4th order can be decomposed into two parts and
has only two independent constants. Accordingly, the isotropic stiffness tensor can
be defined as:

Eijt = Aojjoxs + 11 (Oik Oyt + 0ok )

where A, ;1 are the Lamé constants. The stress-strain relation of an isotropic linear

elastic material becomes Jrd Sy 5544 5,;%,( ?,é/t:: aj

o = Ejucia = [A0jou + 10(0udy + Ondji)]e = Aciwdy + peij + piey

gjj = )\Ekké‘,-",' + 2;1.6;;,-'

or
i a1 ] _/\ + 2,11- A A 0 0 0_ ) £1 ]
o2 A+20 A 0 0 0| |e=
a3 o A -+ 2,11- 0 0 0 £3
o o Sym L 0 O 25y
dg 2 0 255
| 06 | i 23 _25.5_
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01
02
03
04
g5
06

01
g2
03
04
05
O6

(Evv Evn Ep
Evn Erz
Eqy
sym
| A+ 2

0 0
0 0
0 0
(En1 — Er2) 0
5(En — Ex2)
A A 0
N+20 A0
A2 0O
sym L

o o oo

N —

(En — En2)
0 ) £1 |
U )
0 £3
0 2&?4
0 2&?5
JL _256_

(e i an B an B an B a0

m ™M
G N =
I

N NN
(ny n (m
v




Comments:
- Comparison with previous representation of the isotropic stiffness matrix
leads to

_ En—Ep

E"|"| — A+ 2.{.!—, E‘|g = /]"u:, E44 2 — K

- By using the decomposition of the strain and the stress,
ok = 3Ky 2 Sij = 2pe€j

where K is the bulk modulus

K=A+—-pn
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- The principle axes of the stress tensor overlap with those of the strain
tensor in the case of isotropic materials.
- Alternatively the material law can be rewritten in

1 N 1+ v
Sij = —E(‘J'kkd,fj —+ ?UU

of - - -1 v v 10 -
S I L O I
€2 E IS 92
30 E 0 0 0 03
ca|l T sym 0 0 04
£5 HEU 0 as5
6 i v | | o

in which E is the Young's modulus, and ~ the Poisson ratio.

(3N + 2p) A Ev E
E p— N - -— A p— . = G’ - -
At o U T 200w O 1)1 —2v) " 2(1 + 1)
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Table 1: Relation of elastic constants for isotropic materials (M.E. Gurtin, 1972)

E = I/ = ,\ = !_,5 = G = K =
E.v E U Ly L L
(14+v)(1—2v) 2(1+v) 3(1 —2v)
E p(E — 2u) uk
E, E — —1
i 2 (3 — E) H 33u — E)
1 FE 3K(3K — F) 3KE
E, K E - — — K
’ 2 6K (9K — F) (9K — F)
VA Al +v)(1 —2v) ) \ Al —2v) Al +v)
1% - 2v 5 (i‘%v ]
N 2uY pll + v
v, L 2pu(1 4 v) v 5 14 30— 20)
3K 3K(1—2
v K| 3K(1—20) v SAv SK(1—2v) K
(14 v) 2(1+v)
W (33X +2u) A \ ) 3A+2u
A+ 2N+ p) 3
; 9K (K — \) A (K —\) .
AR 3K — )\ 3K — A A 2 k
. OK 1 3K —2u 3K —2u i
K S . K
H: 3K + 11 23K + 1) 3 H
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§ 2.6 Strain energy density

We consider the work done dW by a normal stress o generating a strain d= along the
stress direction

dW = od=

The total work accumulated during the quasi-statically deforming from undeformed
sate to the current strain state is given as

W/;\/du

This is the work done throughout the deformation. The last equation is due to the
fact, that the elastic energy stored in the material is independent of the deforming
path and has to be a total differentiation. It follows,

du du
ods = dU = d—dﬁ sothat o = e

For a 1D linear elastic problem, the strain energy density reads

_ .~—-_1 2
U=W= / U—/Eudc—zEv
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Likewise, one has in general o;; generating strain dz;
dW = O‘fjdf;}'

The accumulated work done is given as a total differentiation:
E‘jj E;j
0 0

ou ou
—dsji that P= —

For linear elastic materials, the strain engtqy density has the form

Thus,

(T,:',-'df,-;.-' = dU =

E?,;; EE 1
U — W — / O',-jdc’;‘,i,-' = / E;);HEHdE,i,' = EE'THEHEH
0 0

Comment: One replaces the quadratic strain energy density U back into the
definition of o;; and does its differentiation w.r.t. the strain. It follows then

F Do U & U F
ijkl. — 7 — a- a- — a- a-. — Lk
= Ok @E;jdam 0s kff)f:;}' —=

It explains then the major symmetry of the symmetry of the stiffness tensor.

MATERIALS
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Notice that U = 0. U = 0 only when =; = 0, i.e. any elastic deformation must
increase elastic strain energy. This puts some constraints on elastic
constants. For isotropic materials, we must have Young's modulus E > 0,
Possion's ratio —1 < v < 0.5, and shear modulus p > 0.

MECHANICS
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§ 2.7 Summary of the linear elasticity theory

a) Kinematic relation

gjj = ; (Uu + uj,,-) d) Compatibility condition
b) Linear momentum balance Sijkl + Ektij — Cikjt — Ejtik = 0
ojj+fi=0 " ¢) Boundary conditions
c) Hooke's law ony =t°  onA;
aij = Ejjxien up=u; onA,
or in the isotropic case or mixed type.

ajj = /\Ekkﬁg + 2,(5--:’5”'

MECHANICS «
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Static Lame-Navier equation
By replacing the kinematic relation into the Hooke’s law and then into the
balance equation:

0 =ojj+ T
— (2,1;_.5,-1 + Askkﬁfj)J + f;
= (p uij + U] + )\ekké‘,-j):j +f;
= o Ui + Uig| + AU k05 + i
:ﬁﬁm+wi+*%£4ﬁ

= I :U,fh,'j + Ujjjf: + /\UJ,'J'; + fi

It leads to the 2nd order partial differntial equations w.r.t. the displacements
(3 component equations for 3 displacement components):

0= (,u.- -+ )\)Uj_j,f + pljji + fi
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On the other hand, one can express the strain by stress and replace the
results into the compatibility equation:

1 v

Tij kk T 1, Tkkii = _mfk,kﬁfj — (fii +1ij)
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8§ 2.8 2D problems

Plane stress problem:

X3.Z - A thin layer with thickness d,
which is much smaller in compa-
rison with the length in the plane.

__,.."y - oty the sides are prescribed with
OcGundary conditions parallel to
the plane; the top and the bottom
sides are free.

X1.X 6?,63,@3 (/X-gL) - Assume o; = 0, = 05 = 0.

Only left are oy, 0y. 7%y, and they are only functions of the in-plane coordinates
X,y. The displacements u. v are thus also only dependent on x. y. It should be

noted that the displacement w in the z direction does not vanish, as well as
the out-plane strain =,.

MECHANICS «
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Plane strain problem:

- The cross section and the loading
remain uniform along the z direction.

- Only the side surfaces are subjected
to loading, which lies parallel to the
Cross section.

- Displacement w in z direction is
zer0, and other displacement com-
vanents are also independent of z.

u=u(xy).v=vxy).w=20

(N

.
b=

z =Ezx =czy =0

The strains =x., ¢y, cxy and the stresses oy, 0y, 7%y are only functions of x and y.
It is worth to mention that the normal stress o, does not vanish.
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2D linear isotropic elasticity

a) Kinematic relation
d) Compatibility condition
]

al — E (U&',B + U,B,a)

(n

en22 + 2211 — 21212 =0

b) Linear momentum balance e) Boundary conditions

c) linear isotropic material law x
Ua = U, ONAy

\ )

% N T+ v i
Cas = —EU’}"’}"C’aﬁ 4 0 or mixed type.

Hereby o. 3.~ = 1.2, and

E — E, v — v forplane stress problem

E 1%
E—  —+ v—

: for plane strain problem
1— 02 T—v
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2D linear isotropic elasticity in the polar coordinate system

O-QSXTI"E' o
r
y o
) \c.“;f-::l-_- L:E'-_:“«rﬁ (X,y) g (r, ﬁ)
e
, e, \\/ X=rcosf, y=rsinf
r
o
o
X
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By using the identities x =rcosf, y = rsin#, and the resultant relations
between the derivatives dx, dy and or. 06, one can rewrite
the governing equations w.r.t the polar coordinates:

linear momentum balance:

dor 1019 or — o0y

= fr=20
o Troeg T Tl
Org  10o0g 277
+ - + + fo=20
or r of ’
kinematics:
ou To0up U 1 0up 10u Uy
Er:‘—r-. 59:—;—+—r= ﬁ*"’rGIZErQZ—(i—JF_ ; - — )
or r of r 2 0r r ot r
linear elastic isotropic material law:
T ( ) T ( ) T+v
Er = —\Or — VOp ). Ep = —\Opg — Vo). £ p— T
r E r a): 0 E d r). re E 'rd
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Replacing the isotropic Hooke’s law into the compatibility equation,

—

_ v o,
&%ey 0% 9%ey | \NE & 7 |\
+ 5 =2 > e = f Yy

X\ =

ayz  ox2 T Ox0 "
y y 2 by
one has _ T/
1(Pox oy, Poy  Por _21+4v)Pry  E7 A-1*)
E\ay2 a2 "o Yax@ )T T E oxdy U Y
—

This can be further simplified. In fact, from the balance equation without body force,
Oxx +Toyy =0 oyy +Tyx=0
one can take derivative of the first equation w.r.t x, and the second w.r.t. y:
Oxxx +Tyyx =0, oy +Tayy =0

Addition of these two egs. leads to

820',1{ 620- 62T
Ox xx T+ Oyyy = _2THJ"=J"K or Ox2 T 5}#; - _25}'(5?"

N

Replace this result into the compatibility condition expressed by stress components.
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One has

0%0, 3255, dzcry 0%o, Do, 3255,
(8y "oy? T _uaxz):_(1+u}(3ﬂ+ 2)

‘ N\ant \ A~
After simplification,

9?0, dzcry . 9% o, 82.-:?}, B

X2 T o2 T oy T oxe
/\
By using the Lapace-Operator A = V2 = dxg - dyz' the lastjgquation is

rewritten into Ao o)) =0 (9 + 5 (@*\@ O

oK?
Combination of this equation and the 2 stress equilibrium equatluns leads to
a 3-equation system for the three unknown stress components oy, oy, 7.

w N
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Airy stress function

The number of equations can be further reduced by introducing the so-called Airy
stress function F = F(x,y) according to George Biddel Airy:

0°F oO°F __ _OF
oy’ T a2 ™ T T Byox

Ty —

If the stress components can be fined from one Airy function F(x y) in this way, the
two stress equilibrium equations are automatically fulfilled (f; = 0 ):

dox  Ony  O°F O°F

ax dy  Oxdyz  Oyox

doy | Oy _ OF  O°F

ay Ox dydx?  §2xdy
It can be shown that ox + oy = AF. Inserting this into the compatibility cnndltlo§

one has \-/\_’t,\v/ > (} /O
A(ox+oy) =A(AF)=0 (axi 7% >(2)(>’Tjj>\>

a'F  9*F J'F
3t 52+ 52752 =0
oxt  oy*  OxZoy?

This is a biharmonic equation and is a 4th order partial differential equation.
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In the polar coordinates, the Lapalace operator is

9 10 1 &2

2o o 1o
A=V _3r2+r8r+r2826'

Thus the biharmonic equation becomes:

2 102 198 18 19

S Y (S S | = =0
(ﬁrz TRae T r@r)(ﬁrz TRae T r@r} (r,6)
The stress components are given in
_AOF 10 PF 0 (10F
T r2aez Trar YT a2z T Toar\rao
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§ 2.9 lllustrative examples ST TECHNISCHE

Isotropic circular inhomog. in isotropic matrix 00T DARMSTADT

For rotational symmetric plane stress problem, the equations are reduced to:

linear momentum balance:
. N - =D
doy N 1 USLV) ifﬂ%ﬁ#’f % f =0 /{I/

dr F(Ur —0.)=0 adT rmﬁ 2,~r
d £ 5Hr) B e
— i ~  — E kinematics: 7 2
g femy GOS0 TET el eyl R
E q/ linear elastic isotropic material law:
A Q. (r + vee), o= glor—vo0). =0 = glon— ) 5,9:12"7/
E _ Ca
0'99:1_”2(5@—}—1/5',)5 Ur = Cal + r
_ E C2
Trp = 0 oF = T [(’I +1v)C — (1 — I/)r—z]
E C
d’u,  1du,  u Op = [(’I +v)Ci+ (1 - r/)—2]
— e A A 1 2
e Trar e T—v r

C1,C, are the integration constants.
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Problem 1:
Boundary conditions:

o/(0) = limited. — Cp =0

(M)
o(@a) =0 — C= UE—(1 — 1)
1
S
— O =0, = o) = const. !
(1) (1)
o o\a
Ur = Cir = ?1(1 — 1/1)re Ur(a) — E; (1 B M)
(1)
a
Er = gw — C-I p— Ei.l(‘l - .U‘|)
up = Crr + == The stress and strain fields are uniform. Every point
E Cs

—~_1+v)C - (1-v)=2] experiences pure hydrostatic stress state and pure

c,. volumetric deformation.

o, = %[(1 +v)C1 + (1 —v)=]
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Problem 1a: If there is additional inelastic isotropic strain ' due to e.qg.
temperature or phase transformation:

- \\C*j op=0,=0

)
4 \ .
! | Er:&“@:&“
\ /
\\,/ t
Ur:&:r

Problem 1b: (" and <! appear at the same time

or = o, = o) = const.

~(1)
Ef:%:tfur& =+ —(1—1y)
E
t (1) t
R Al CLER (el o UV
b= =1y
sr:gqa:cwz%)(um) \
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Up = ClT + =2
T
E C
Problem 2: o =1 [(1+2)C = (1= ») 7]
E C
o, = m[(l +v)Cy + (1 — I/)T—;]
Boundary condition:
or(o0) =0 — Ci=0
(2)
or(a) = @ 5 C,= —J—(‘I + 1/2)82
E>
2 (2) 2
0y @ Co o a
Ur:—O';p:O'(}r—E._ Ur:T:—E—2(1+?/2)T,
Ca o'?) a’
Er — —Ep = —r—2 = E—2(1 +J/2)r—2

Comments: The stress loading ¢'? is a kind of self-equilibrium loading, which fulfills
alone the equilibrium. For this type of equilibrium loading,

oo 1/r?, upoc1/r. coc1/r? in2D

orx1/rP, urox1/r. cx1/r* in3D
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O = —0p = U{z)r—z ur = % _UE_Q(‘I +1/2)—
cr:—zp:—%:%j](‘l—i—yz)?—:
Problem 3: Only loaded by isotropic transformation strain <’ o1 =, = o = const
" . , .o
Transition conditions: s =4 Ci=ct (1)

oM
ur = (C1 + E:)( = [?(1 — Vq) +Et]r
1

u'(a) = ul?(a)

\
: e
— [0—(1—f‘f1)+€t}a:—g—(‘l+r/2)3 /
. _ E’| E2 ,
. § p o
X - o = - - |
E 1 + E22

. * " " \_’\\J
Insertion of o* = ¢V = +? into the solutions of the Problem 1b and of the
Problems 2 leads to the solution of the interior and exterior region. For instance, the

strain in the inhomogeneity is

ﬁm_An_Jﬁ_l1_y 1 }

[ — Cy .~ ’|

' 4 5( M:ﬁ+mgﬂ
E T

Ei=E,=En=1,=v — o*=—_c £V :sg): TV

2
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Problem 4: with interface stress S between the region 1 and the region 2

0@ adyp — eWadp — Sdp = 0

S
a

Transition conditions:

S
o o =S y0(a) =y (a)

—

T— 1 1+ S1+v
(1) 1 2| S 2
~ o [ E1 i E2 } a E2
Particularly for: E1 = E; = E.1h =1 = v
1S

]
m_ _ ‘gt 'Y
o'’ = 2E\, 28(1+u)
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