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Abstract. Promise problems have been introduced in 1985 by S.Even
e.a. as a generalization of decision problems. Using a very general ap-
proach we study solvability and unsolvability conditions for promise
problems of set families and languages. We show, that cores of un-
solvability are completely determined by partitions of cohesive sets.
We prove the existence of cores in unsolvable promise problems as-
suming certain closure properties for the given set family. Connections
to immune sets and complexity cores are presented. Furthermore, re-
sults about cohesiveness with respect to the language families from the
Chomsky hierarchy are given.
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INTRODUCTION

In 1985 S.Even, A.L.Selman and Y.Yacobi [4] introduced the concept of promise
problems as a generalization of decision problems. A promise problem consists of a
pair of disjoint sets A and B with A, B C S and a given set family F C 2%, where
S is some basic (usually infinite) set. (A, B) is solvable for F if a Q C S exists with
Qe Fand Q€ € Fand A C Q and B C Q°, where Q€ is the complement of @ in S.
In the case B = A° (A, B) is a decision problem. In applications S = X*, where X
is a finite nonempty alphabet and F = L is language family or a complexity class
F = C. From an algorithmic point of view considering a promise problem (A, B) an
algorithm may only produce a Yes-answer for all instances € A and a No-answer
for all € B, while no decisive answer is expected for © ¢ AU B. Solvability of
promise problems can be linked to the existence of approximation or ”special case”
algorithms (see [2]). Thus with respect to complexity of algorithms a more refined
look than for decision problems is possible. Promise problems have been considered
for various fields of algorithmic computations. Especially, some decision problems
which are difficult to solve allow efficient algorithm once they are weakened to a
promise problem. The reader can find an overview in [5]. Looking at the theory
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of recursive functions [8], the separation principle is a precursor of the concept of
promise problems. Furthermore, we can use the notion of cohesive sets, also known
in the theory of recursive function, by an appropriate generalization. This turns
out to be the characterizing indicator for (un-)solvability of promise problems. It
was well-known, that only set-theoretic arguments can be used in dealing with
these concepts. We mention especially the theorem of Dekker-Myhill [8] which
asserts the existence of cohesive sets under very weak conditions. Our main results
are a theorem about the existence of unsolvability cores for an unsolvable promise
problem (A, B) and the characterization of unsolvability cores via cohesiveness
of AU B. The latter enables us, to study the influence of closure operations on
the unsolvability of promise problems. Though the existence of cohesive sets is
guaranteed under very mild conditions, it is quite difficult, to exhibit cohesive
languages with nice properties. We determine cohesive sets and noncohesive sets
for language families from the Chomsky hierarchy and for families given by number
theoretic properties. Especially, we prove a structure result for alphabets X with
two or more letters. For some special cases we can at least assert the existence of
recursive cohesive languages. Using results from [2], the connection to complexity
cores gives a similar result for recursive language families and complexity classes.
We assume the reader to be familiar with the theory of recursive functions and
sets (see [2], [8], [9]) and standard theory of formal languages (see [6], [7]).

Our study of promise-problems was proposed to us by M. Ziegler who raised
the question answered in theorem 5.13.

1. SET- AND LANGUAGE FAMILIES - BASIC NOTATIONS AND
REsuLTS

In the following a basic set S is given and we assume for set families F C 2.
Moreover, sets A, A’ B,B’,C,--- ,Q,--- are always subsets of S and singletons
{s} are identified with s. We mainly deal with denumerable set families F; i.e. a
function er : Ng — 2% with ex(Ng) = F exists (enumeration of F). Consider the
boolean operations union, intersection and complementation in connection with
set families F. The boolean operations can be lifted to binary operations between
set families 7 and F3 and unary operations for F. Define F; & F» = {AUBJ|A €
Firand B € Fo}, F10F, = {ANB|A € F; and B € F,} and the closure operations

Fr={A1U...UA,n>1,A; € F for 1 <i<n}(union),
Fe={A1Nn...NA,n>1,4; € F for 1 <i<n}(intersection),
Feo ={A%|A € F}, F = FUF, (complementation) and

FP = ((F)%)"(boolean closure).

Moreover, we will frequently use F9¢ = F 0 Fe°,

Note, that (F%)$ = (F3)%(distributivity), (F°)* = (F5)°°(deMorgan), (Fc¢)dc =
Fe¢ and (Fe°)°° = F. There are numerous (mostly trivial) relations between these
operations, for example.



Proposition 1.1. Let F1,F2 C 25,

() FroF CF = FLoFyCFand Fr o Fy C Fi
(2) LOFFC A = FLo(F)" CF and Fi'© F3° C Fit

In the following we frequently use the combined operation of variation of F by
V defined by F £V =F @ VUF © V.

Proposition 1.2. Let F,V C 2% with V @ and F£V CF.

(1) 0,Se F & V*eCF.
(2) FetV C Fee, FreV C FLF £V C F* and F*+V C FP.
(3) FEVCF

In the case V = fin(S) = {A C S|A finite}, the condition F + fin(S) C F
is just the closure under finite variation. Note that, fin(S)¢ = (fin(S5))P and
F ® fin(S) C fin(S). By prop.1.2.(2) Fe, F* F3 FP are closed under finite
variation, if F is closed under finite variation.

Consider the case S = X*, where X is a nonempty, finite alphabet and X* is the
free monoid over X. Asusual L C X* is called a language and £ C 2X" a language
family. The elements of X* are the words w = x1 ...z, (z; € X for 1 <i <n)and
the empty word 1. The length of w is |w| = n and |1| = 0. Concatenation ”wv” of
words is the monoid operation with identity 1. The operation can be lifted to 2% "
For L; 5 the complex product is defined by L1Ly = {wywa|wy € L1,wq € Lo}. L*
is the generated submonoid.

On X* we can define various (partial) orderings. The following two ones are
of interest to us. Define for v,w € X* the prefiz-ordering by w < v(pref) <
v € wX*. Given a bijection ord : X — [0...b — 1](b = #(X)) we can define
also a well-ordering lex,rg by w < v(lexorg) if and only if |w| < |v| or Vu €
X*x,y € X : ur < w(pref) and uy < v(pref) = ord(z) < ord(y). Since
lex,rq is a well-ordering, we can define a successor function succyqg for w € X*
by succorg(w) = min{v € X*|w # v and w < v(lexorqg)}, where the minimum
is taken with respect to lex,mq. Then char®(i) = succ! ,(1)(i > 0)defines a
bijection char®: Ny — X* .

The language families from the Chomsky hierarchy are L, (X) (recursively
enumerable languages), Les(X) (contextsensitive languages), Lee(X) (contextfree
languages) and Lyeg(X) (regular languages). All these families are closed un-
der variation by Lreg(X). By encoding the generating grammars we find spe-
cial enumerations er.e.,€cs, €cr and ereg Of the corresponding language family.
With these enumerations we can study decision problems and constructions for
the descriptional devices (grammars). Look for example at the word-problem for
Les(X). Using 0,1 € Ny as truth values, define the predicate wordes(i,j) =
“char®(i) € ecs(j)” (i,j > 0). Then wordcs € recy, where rec,(n > 0) is
the set of n-ary recursive functions. In the case of complexity classes C we can
find enumerations ec, such that wordc(i,j) =“char®(i) € ec(j)” (i, > 0) is
recursive. Here we have to use as descriptional devices Turingmachines with rea-
sonable resource bounds (time-/space-constructibility (see [2])). More general, let
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word,(i,7) =“char*(i) € e(j)” (i,j > 0) for any e : Ny — 2%X". We call e WP-
recursive if and only if worde € recy. A language family £ is WP-recursive, if a
WP-recursive enumeration e of £ exists. In this case £ C Lyee(X) = Ly (X))
(recursive languages). Note, that for WP-recursive families a uniform solution for
the word-problem exists. Complexity classes are WP-recursive and closed under
variation by Lyeg(X).

Considering Lreg(X) and Leg(X) we obtain by the classical decidability results,
that the predicates empty ¢(i) =“ece(i) = ©” and finite (i) =“ecr € fin(X*)”
(i > 0) are recursive. Moreover, fsect € Tecy (intersection with regular sets)
and feomp € recy (complementation of regular sets) exist with ece(i) N ereg(f) =
€cf( fseet (1,7)) and €reg (1) = €reg(feomp(i))(4,j > 0). Using all these functions, we
find lnCl(%]) :“eCf(i) - ereg(j)”: emptycf(fsect(i7fcomp(j)))(i7j > 0)7 hence
incl € recs.

In the following, at various points we are faced with marking languages at the
left, i.e. we have to consider the left translation "wL”.

Proposition 1.3. For all languages L, L1 and w € X*:
(1) U.)(Ll U Lg) = ’LUL1 @] U/LQ and ’LU(L1 n LQ) = le n ’LULQ,
(2) wLl® = (wL)*NwX* and (wL)® =wLU (wX™*)".

For a language family £ define £*" = {wL|w € X*, L € L} (left translation).
L% is another closure operation and £ = £ if and only if L € £ for any x € X.
Moreover, a companion to proposition 1.2.(1) (with V = fin(X™*)) holds.

Proposition 1.4. Let L = L* = L¥. Then fin(X*)* C L if and only if
0,1, X* e L.

Proof. Let @,1,X* € L. Since w = wl and £ = L% singletons are in £. But
then fin(X*) C L, because £ = L%, Let X* = {w € X*||w| = k}(k > 0). Then
X% is finite. Hence X*X* is the finite union of sets wX*, i.e. XFX* € LY = L.
Let L € fin(X*) and k > maz{|w||w € L}, then L¢ = ((X*X*)°\L) U Xk X*.
Note that ((X*X*)°\L) is finite and therefore an element of £ as shown before.
In total L° € fin(X*) ® L C L* = L, ie. fin(X*)® C L. O

In connection with boolean operations we get

Lemma 1.5. If £L = LY, then

(1) (£u)ltr = L% and (ﬁs)ltr =[5,

(2) (Leo)lr = £, if additionally £ & Lye(X) C L.
Proof. (1) By prop.1.3.(1): (L%)1r C (£¥r)u = £4. Analogously, (£3)" C 5.
(2) Since wX™ € Lyeg(X) for all w € X*, we get by our assumption, propl.3.(2)
and prop.1.2.(2) (L) C (L17)° O Lreg(X) C (LM7)C £ Lreg(X) = L+
Lyeg(X) C £°¢. This shows (L£c¢)r C £cc, O

Next we look at the inverse of left translations (removing left markers).

Definition 1.6. L is lir-cancellative if and only if for all L C X* and w € X* :
wLel = LelLl.



Proposition 1.7. If L is ltr-cancellative, then

(1) L™ is ltr-cancellative
(2) L is ltr-cancellative, if additionally £ £ Lye(X) C L.

Proof. (1) Let wL = L1U...UL, with L; € Lfor 1 <i <n. Then each L; C wX™*,
i.e. L; = wL}. Since L is ltr-cancellative, L; € £. But then L = LjU...UL! € L".
(2) If wL € L£°°, then (wL)® € L. Since (wL)® = wL® U (wX*)¢ by prop.1.3.(2)
and £+ Lreg(X) C L, we get wL® € £ and therefore L® € £. Hence L € £, i.e.
L°° is ltr-cancalative. O

All families from the Chomsky hierarchy and all complexity classes are ltr-
cancellative and closed under left translation.

2. COHESIVENESS

Definition 2.1. A is F-cohesive (A € cohesive(F)) if and only if A ¢ fin(S)
and for any B € Fd¢: (ANB ¢ fin(S) = AN B° < fin(9)).

Remark: The definition of cohesiveness given in §12.3 of [8] is equivalent to
Ly.e.(X)eC-cohesiveness.
Directly from the definition we get

Proposition 2.2.
(1) cohesive(F) = cohesive(F) = cohesive(Fi°)
(2) F1 C Fy = cohesive(F;) C cohesive(Fy).

Next we study the influence of closure operations on cohesiveness. Especially, we
discuss boolean operations and closure under finite variation and left translation.

Lemma 2.3. If F = F, then cohesive(F) = cohesive(F?).

Proof. By our assumption F? = (F%)". Consider A € cohesive(F) and B € FP
with AN B ¢ fin(S). Then B=B; U...UB, with B; € F% for 1 <i < n. Now,
AN(B1U...UB,)=(ANB1)U...U(ANB,) ¢ fin(S). But then C' = B, exists
with ANC ¢ fin(S). Since C C B, we know that AN B¢ C AN C®. Hence, if
ANCe e fin(S), then AN B € fin(S).

Since C € F5, C =C1nN...NnC,, with C; € F for 1 < i < m. Furthermore,
ANC ¢ fin(S), so that for every i, ANC; ¢ fin(S). But then, by the cohesiveness
of A, ANCY € fin(S) for 1 < i < m and therefore ANC® = AN(C1N...NCyp)¢ =
AN(CsU...UCE)=(ANCE)U...U(ANCE) € fin(9). O

Proposition 2.4. cohesive(F) is closed under finite variation.

Proof. Consider A € cohesive(F), C € fin(S) and some B € F. Assume that
(AuC)NB = (ANB)U(CNDB) ¢ fin(S). Since CNB € fin(S),ANB ¢ fin(S)
and therefore ANBC® € fin(S) due to the cohesiveness of A. Since CNBC € fin(S)
as well, (AUC)N B¢ = (ANB°)U(CNB° e fin(S).

In the second step, assume that (AN C°)NB = (ANB)NC® ¢ fin(S).
Then AN B ¢ fin(S), i.e. AN B € fin(S), because A is F-cohesive. But then
(AnC°)NB°=(ANB°)NC° € fin(S). O



For S = X* and left translation we can show

Lemma 2.5. If £ is ltr-cancellative, £ = LY and L & Lyeg(X) C L, then for any
Lel,we X*: L& cohesive(L) if and only if wL € cohesive(L).

Proof. Suppose L € cohesive(L), i.e. LN B ¢ fin(S) implies L N B® € fin(S)
for any B € L. Consider w € X* and B € £49¢ with wL N B ¢ fin(S). Then
we have to show, that wL N B¢ € fin(S). Clearly, wL N B = w(L N A) for A
with wA = BNwX*. Thus, A € L, since L is ltr-cancellative and closed under
finite variation by regular sets. By the same arguments we get A® € L, too:
To see this, observe that wA® = (wA)® N (wX™*) by prop.1.3.(2) and therefore
wA® = (BNwX*)*NwX* = (B°U (wX*)®) NwX* =B NwX*.

Now, wL N B ¢ fin(S) implies LN A ¢ fin(S). Hence, L N A° € fin(S) by the
cohesiveness of L. Since by prop.1.3.(1), w(L N A°) = wL NwA® = wLN (B°N
wX*) =wL N B¢, wL N B® must be finite, too.

Conversely, suppose wL € cohesive(L) for some w € X*. Fix B € £4¢ with
LN B ¢ fin(S). We show, that L N B¢ is finite. Observe, that wB € £4¢ by the
closure properties of L. Now, LN B ¢ fin(X™*) implies wL NwB® ¢ fin(X*) and
therefore wL N (wB)¢ € fin(X*), because wL is L-cohesive. But wL N (wB)¢ =
wLNwB® =w(LN B, ie LNDB®E fin(X*). O

The existence of cohesive sets for denumerable set families is guaranteed by a
result of J. C. E. Dekker and J. Myhill (c¢f. Theorem VI in §12.3 of [8]).

Theorem 2.6. (Dekker and Myhill) Let F be an denumerable set family. Then
for any A ¢ fin(S) there is a subset B of A with B € cohesive(F).

The following fact is obvious:

Proposition 2.7. If B C A,B ¢ fin(S) and A € cohesive(F) then B €
cohesive(F).

A natural generalization of Theorem VII(ii) in §12.3 of [8] is
Lemma 2.8. If A, B € cohesive(F)and ANB ¢ fin(S) then AUB € cohesive(F)

Remark: Note that the condition AN B ¢ fin(S)” in le.2.8. is necessary.
To see this, consider X = {a,b} and L satisfying the condition of le.2.5. If L €
cohesive(L), then aL,bL € cohesive(L). But (aL UbL) NaX* = aL ¢ fin(X™*)
and bL C (aLUbL) N (aX™*)¢ ¢ fin(X™*). Hence, aL UbL ¢ cohesive(L).

Cohesiveness is a stronger condition than immunity for sets in connection with
set families. For a set family F a set A is defined to be F-immune if it is infinite and
has no infinite subset in F, i.e. if A°NB # @ for any B € F\fin(S) (cf. e.g. [2], [8]).
Let émmune(F) denote the family of all F-immune sets. Clearly, infinite subsets
of F-immune sets are F-immune and immune(Fy) C immune(Fy), if F; C Fo.

Proposition 2.9. If F is closed under finite variation and A € cohesive(F)\ F
then A € immune(F).

Proof. Suppose B € F\ fin(S) exists with A°NB = @. Then ANB = B ¢ fin(S)
and therefore AN B¢ € fin(S5), because A is F-cohesive. Since F is closed under
finite variation A = BU (AN B®) € F - a contradiction. O
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Remark: Theorem V in §12.3 of [8] shows, that any L € cohesive(Ly.e.(X))

is not only immune but hyperimmune and even hyperhyperimmune.

Example 2.10. Let X = {a,b}. Then A = {a"b"|n > 0} is Lyeg(X)-immune
(use the pumping lemma for Lyeg(X)), but not Lyeg(X)-cohesive (consider e.g.
R = (a®)"(0%)").
Example 2.11. F-cohesive languages need not necessarily be outside of L:
(1) Any A ¢ fin(S) is fin(S)®®-cohesive, for example X*(€ fin(X*)).
(2) By a theorem of Friedberg L € L, . (X)®° exists with
L € cohesive(Ly.o.(X)°°) (see Theorem XI in 12.4 of [8] for details).

3. COHESIVENESS OF LANGUAGES

We derive special results for cohesiveness with respect to language families,
especially for the families from the Chomsky hierarchy and complexity classes.
For all these families £ any £-cohesive language has a specific structural property.
This property is connected to infinite words. Infinite words can be defined using
pref-isotone and length-preserving functions.

Definition 3.1. f: Ny — X* is sequential if and only if forany n > 0: |f(n)| =n
and f(n) < f(n + 1)(pref).

Lemma 3.2. If #(X) > 1 and L € cohesive(Lye4(X)), then a sequential
fr: No = X* exists with L\ fr(n)X* € fin(X*) for any n > 0.

Proof. The key to the proof is the following

Assertion: If L € cohestve(Lyeg(X)), then for all u,v € X* with |u| = |v| :
LNnuX*,LNuX* ¢ fin(X*) implies u = v.

Suppose the contrary, i.e. u,v € X* exist with |u| = |v[, LN uX*, L NvX* ¢
fin(X*) and u # v. Then uX* NvX* = @. Hence, vX*NL C (uX*)*N L and
therefore (uX*)°NL ¢ fin(X*). Thus, L ¢ cohesive(Lreg(X)) - a contradiction.

Since L ¢ fin(X™*), we can find to any n > 0 some w € X* with |w| = n
and LNwX* ¢ fin(X*). Define fr(n) = w. By the assertion f; is uniquely
determined. Furthermore, if u < w(pref), then L N wX* C L NuX*. Hence,
LNnuX* ¢ fin(X*) and by the assertion fr(Ju|) = w. That is, fr is sequential.
Moreover, since L € cohesive(Lyreg(X)), LN (fr(n)X*)¢ € fin(X*) for all
n > 0. 0

From the assertion in this proof we get additionally the following

Corollary 3.3. If #(X) > 1 and L € cohesive(Lyeq(X)), then for any L' C L
with L' ¢ ﬁn(X*) : fL = fL"

Proof. Suppose n > 0 exists with fr(n) # fr/(n). We know by le.3.2. and
prop.2.7. that L'Nfr, (n) X*, LNfr(n) X* ¢ fin(X*). Furthermore, L'Nf7 (n)X* C
LN fr(n)X*. Hence, LN fr/(n)X* is infinite. This is a contradiction to the above
assertion. O



Next, we focus our attention to Lyeg (X )-cohesiveness in connection with Leg(X)
and Les(X). To L € X* we associate the length-language |L| = {a"!|lw € L} =
Az (L), where A\ (w) = Jw|(w € X*). Define Lireg(X) = {L C X*||L| € Lreg(a)}.
Note that {a"b"a"|n > 0} € Lireg({a,b}).

Lemma 3.4. If L € Lyeg(X), then L ¢ cohesive(Lyeg(X)).

Proof. Since L ¢ fin(X*), |L| € Lyeg(a) ¢ fin(X™*). By the pumping lemma for

Lyreg(a) a > 0 and 8 > 0 exist with (a®)*a® C |L|. Consider R = (a*¥)*a” €

Lyeg(a)\fin(a*). Then R C |L| and R°N|L| ¢ fin(a*). But \;'(R), \;'(R°) €

Lreg(X), LNASYR), LNASY(RS) ¢ fin(X*) and \;1(R®) C A\;H(R)C. 0
Since Lreg(X) C Lef(X) C Lireg(X), we get immediately

Lemma 3.5. If L € cohesive(L (X)), then L ¢ Lcf(X).

Inspecting the ”construction” from the proof of the Dekker-Myhill-theorem
(Theorem VI in §12.3 of [8]) yields

Theorem 3.6. For any L € Lf(X)\ fin(X*) a recursive language L' C L exists
with L' € cohesive(Lyeg(X)).

Proof. We refine the proof of the Myhill-Dekker-theorem. Define inductively

Lo=1L,
Lyy1 =if L, Nepeg(n) ¢ fin(X™) then L, Nereg(n) else L, Nepeg(n)® fi
(n>0).

Then for n > 0 L,+1 € L, and L, € Le(X). Moreover, L, ¢ fin(X*)
and L, ¢ cohesive(Lreg(X)) by le.3.5. Now, a function g exists with Lg,41) C
Ly(n) € Lp. Define the function h by h(n) = min{m|char”(m) € Ly \ Lynt1)}
(n > 0). Let L” = char®(h(Nyp)). The above mentioned proof of Theorem VI in
§12.3 of [8] asserts L” € cohesive(Lreg(X)).

It remains to prove, that any step in this construction is computable. Let
ecf(io) = L. Define

f(0) = o,
f(TL + 1) =if ﬁnitecf(fsect(f(n)v 77,)) =0 thenfsect(f(n)a TL)
else fsect (f(n)7 fcomp(n)) ﬁ (n Z O)

Since finite; is recursive, f € rec; and ece(f(n)) = L,(n > 0). Next, consider
the predicate d defined by d(n,m) ="(m > n) and (L,, = L,,,)”. Then d(n,m) =
"m>n)and (V1 <i<m-n: L,y;=L,) ="(m>n)and (M0 <i<m-—mn:
(Lyti € ereg(n + 1)) or (Lpti C ereg(n +1))°)”. Using incl and feomp we get
d € recy. By this the function ¢’'(n) = min{m|(m > n) and d(f(n),m) = 0} is
recursive, as well. Now, with the help of f, ¢’ the function g from above can be
defined by ¢(0) = f(0),g9(n) = f(¢'(n — 1))(n > 0), i.e. g € recy, since f,g" €
recy. Since w(m,n) =" char®(m) € Ly \ Lym+1)” = wordes(m, f(g(n))) is a
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recursive function, h(n) = min{m|char*(m) € Ly)\Lyn+1)} € rec and we can
conclude that L” = char™(h(Ny)) € Ly.e.(X). But then an infinite L’ C L” exists
with L' € Lyec(X). Since L” € cohesive(Lreg(X)), L' € cohesive(Lyeg(X)),
too. g

Dealing with Lcs(X) we can use number-theoretic considerations. In the case
X = {a} we know Lyeg(X) = Lcg(X) and can use the pumping lemma for regular
sets.

Lemma 3.7. (number-problems) Let X = {a}.
(1) Lesp = {a®"|n > 0} ¢ cohesive(Ly ey(X)) and Leyp € Les(X).
(2) Lyge = {a™|n > 0} € cohesive(L ey(X)) and Liqe € Les(X).

Proof. (1) Clearly, 22*mod 3 = (3 + 1)*mod 3 = 1 Hence 2***!mod 3 =
2(2%* mod 3) mod 3 = 2. By this {a22k|k > 0} C a(a®)* = R, while {a22k+1|k‘ >
0} € R° In total Ley, ¢ cohesive(Lyeg(X)), because Legp N R, Legp N R ¢
fin(a*).

(2) Consider R € Lyeg(X) with Lo N R ¢ fin(a*). Using the pumping lemma
for Lreg(X) o> 0 and B exist with L., Na?(a®)* ¢ fin(a*) and a®(a®)* C R.
Due to the infinity of the intersection we can find some y > max(«, ), such that
ax + = y! for some x € Ny. Since y > «a, a divides y!. Hence, 5 is an integer
multiple of a, too and we get ax + = a(z + ') = y! for some 5’ < y. But
then for any y' > y a z exists with a(z + 8') = ¢!, namely z = (z + B’)yy—/l! -4,
and we get in total L. N a?(a®)* = Lyqc\ C for some finite set C' and therefore
Lac N R € fin(a®). O

A result similar to le.3.5. is
Proposition 3.8. If L € cohesive(Lyec(X)), then L ¢ L. (X).

Proof. Consider L € cohesive(Lyec(X)) and suppose that L € L, . (X). Since L
is infinite, L’ € Lyee(X) \ fin(X*) exists with L’ C L. Clearly, L = Ly U Ly with
L12 € Lyec(X)\ fin(X*) and L1 N Ly = (. But then LN Ly = Ly ¢ fin(X*) and
LNLyCLNLS ¢ fin(X*) - a contradiction. O

4. SOLVABILITY OF PROMISE PROBLEMS

Remember that given a set familie F (A, B) is a promise problem, if AN B = {).
To F we associate the set of promise problems , which are solvable with respect
to F, i.e. we consider promise(F) = {(A,B)JANB =@ and 3Q € Fd¢: A C
Q and B C Q°}. We collect some elementary facts about promise(F), which
follow more or less directly by the definition, especially by using the laws of De
Morgan and distributivity.

Proposition 4.1.
(1) (A4,B) € promise(F) < (B,A) € promise(F).
(2) B’ C B and (A, B) € promise(F) = (A, B’) € promise(F).
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(3) A€ Fi and AN B =0 = (A, B) € promise(F).
(4) A€ Fl = (A, A°) € promise(F).
(5) F' C F = promise(F') C promise(F).
(6) promise(F) = promise(F) = promise(F).
(7) If F = (F%)® then (A, B) € promise(F) and
(A, B’) € promise(F) = (A, BUB’) € promise(F).
8) FF+VCF thenVC €V
(A, B) € promise(F) = (AUC,BNC®) € promise(F).

Example 4.2. Consider X = {a,b} and the languages A = {a"b"|n > 0} and
B = {a"™|n,m > 0 and n # m}. Then A, B, A° € L¢(X) and B C A®, hence
(A, B) € promise(Lcs(X)). We show, that (A, B) ¢ promise(Lyreg(X). Suppose
the contrary, i.e. a Q € Lyeg(X) exists with A C Q and B C Q°. Consider a word
wo = a™b", where n is sufficiently large. By the pumping lemma for regular sets
u,v,w € X*,w # 1 exist with wg = wwv, |uw| < n and vw*v € Q for all k > 0.
But then uw = a® for some 1 < i < n and therefore uw?v = a™1*Ip" € BN Q. In
total, BN Q # 0 and we get a contradiction.

The following criterion asserts for a promise problem (A, B) the existence of a
nontrivial solvable subproblem.

Lemma 4.3. Let V C F and F £V C F. Then for all A,B € F \ fin(S) with
A ¢ cohesive(V) a Q € V¥ exists, such that ANQ,BNQ° € F\ fin(S) and
(ANQ,BNQ°) € promise(V).

Proof. Let A, B be given according to the assumption. Since A ¢ cohesive(V),Q €
Vde exists with AN Q,ANQ° ¢ fin(S). But then BN Q or BN Q° must be in-
finite, because otherwise B = (BN Q) U (BN Q°) € fin(S). If BNQ° ¢ fin(S),
ANQ,BNQ° € F\ fin(S) and (ANQ, BNQ°) € promise(V). If BNQ ¢ fin(9),
ANQS,BNQ e F\ fin(S) and (ANQS, BNQ) € promise(V). O

It is interesting to look at Ly.e.(X). Consider a promise problem (A, B) with
A€ Lye(X)\ fin(X*). Then C C A exists with C € Lyec(X) \ fin(X*). Hence,
(C,B) € promise(Lyec(X)) = promise(Ly.e. (X)), since B C A° C C°. In con-
trast to this fact, there exists a promise problem (A, B) with A, B € L, .(X) and
(A, B) ¢ promise(Ly.e.(X)) (cf. exercise 5-34. in [8]). But if A, B € Ly 6.(X)°,
then (A, B) € promise(Ly..(X)%°) (cf. exercise 5-33. in [8]).

We conclude this section looking at left translations.

Lemma 4.4. Let L be ltr-cancellative, L = LY and L 4 Leg(X) C L. Then for
all A, BC X* we X*: (A, B) € promise(L) < (wA,wB) € promise(L).

Proof. Suppose (A, B) € promise(L). Then Q € £I° exists with A C @ and
B C @Q°. But then wA C wQ and wB C wQ® C (wQ)® = wQ® U (wX*)°. Since
L=L"% and L4 Lreg(X) C L, we get w@Q, (wQ)® € L.

Conversely, suppose (wA, wB) € promise(L). Then we find a Q € £9¢ with
wA C Q and wB C Q€. But then wA C Q NwX* = wQ’ and wB C Q°* NwX* =
wQ". Since wQ' UwQ"” = (QNwX*)U(Q°NwX*) =wX* and wQ NwQ"” =10,
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Q" = Q'°. Hence, A C Q' and B C Q'°. Again by the closure properties of £ we
get Q',Q° e L. O

5. UNSOLVABILITY OF PROMISE PROBLEMS AND COHESIVENESS

The structure of promise problems is heavily influenced by cohesiveness, more
precisely if cohesiveness can be connected to a promise problem (A, B), then it is
not solvable.

Theorem 5.1. If F is closed under finite variation and AN B = @, then the
following statements are equivalent:

(1) A,B ¢ fin(S) and AU B € cohesive(F).

(2) A, B € cohesive(F) and (A, B) ¢ promise(F).

Proof. (1) = (2): Let A, B ¢ fin(S) and AU B € cohesive(F), then by prop.2.7.
A, B € cohesive(F). Suppose to the contrary that (A4, B) € promise(F). Then
Q € F9¢ exists with A C Q and B C Q°. But then A C (AUB)NQ ¢ fin(9)
and B C (AU B)NQ° ¢ fin(S). This contradicts AU B € cohesive(F).

(2) = (1): Let A, B € cohesive(F) and (A, B) ¢ promise(F). Suppose that
AUB ¢ cohesive(F),i.e. aQ € F9¢ exists with (AUB)NQ, (AUB)NQ*® ¢ fin(S).
Let Ay =ANQ, Bi=BNQ, A = ANQ° and B, = BN Q°. Then we get the
following two cases:

Case 1: Ai5 ¢ fin(S) or B1o ¢ fin(S). Then A = Ay U Ay ¢ cohesive(F)
or B = By U By ¢ cohesive(F) - a contradiction.

Case 2: Ay, By ¢ fin(S) and Az, By € fin(S) or Ay, By ¢ fin(S) and Ay, By €
fin(S). Since (A1, B2), (Az,B1) € promise(F), we can apply prop.4.1.(8) for
V = fin(S) and obtain (A4, B) € promise(F) - a contradiction, again. O

We can now characterize those A, B € cohesive(F) with AUB € cohesive(F).

Theorem 5.2. If F is closed under finite variation and A, B € cohesive(F),
then the following statements are equivalent:

(1) AU B € cohesive(F)
(2) (A\ B, B) ¢ promise(F) or AN B ¢ fin(S).

Proof. (1) = (2): Let AU B € cohesive(F) and suppose AN B € fin(S).
Then A\ B,B ¢ fin(S) and A\ B, B € cohesive(F) by prop.4.1.(8). Clearly,
AUB = (A\B)UB and A\ BNB = (). Hence by th.5.1 (A\ B, B) ¢ promise(F).

(2) = (1): Conversely, we have to consider two cases. First suppose that
AN B € fin(S) and (A \ B,B) ¢ promise(F). By assumption and prop.2.7.
A\ B, B € cohesive(F). Hence, AUB = A\ BU B € cohesive(F) by th.5.1. If
AN B ¢ fin(S), then by le.2.8. AU B € cohesive(F). O

Th.5.1. deals essentially with ”unsolvability cores” of promise problems for F.
This leads to the following definition:
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Definition 5.3. (A, B) is a core of F((A, B) € core(F)) if and only if A, B ¢
fin(S),ANB = 0 and for all A’ C A,B' C B,A',B" ¢ fin(S) : (A',B’) ¢
promise(F).

Proposition 5.4.
(1) core(F) = core(F) = core(F%¥)
(2) (A, B) € core(F) < (B, A) € core(F).
(3) (A,B) € core(F),A' C A,B'"C B and A’, B’ ¢ fin(S)
= (A, B') € core(F).

Now, we want to show, that the condition ” A U B is F-cohesive” characterizes
completely the cores of F. The following lemma offers a property of cores, which
is similar to the definition of cohesive sets (def.2.1).

Lemma 5.5. If A, B ¢ fin(S) and AN B = 0 then the following statements are
equivalent:

(1) (A, B) € core(F)

(2) VQ € Fé: (ANQ ¢ fin(S) & BNQ° € fin(S))

Proof. (1) = (2) : Let (A, B) € core(F). Consider Q € FI¢ with A’ = ANQ ¢
fin(S). Suppose to the contrary that B = BN Q° ¢ fin(S). Then (A',B’) €
promise(F), since A’ C @ and B’ C Q°. This contradicts (A, B) € core(F).
Conversely, let BN Q° € fin(S) and suppose ANQ € fin(S). Then A’ = ANQ°
and B’ = BNQ are infinite. Furthermore A’ C Q° and B’ C Q. Hence, (4’,B’) €
promise(F) and we get again a contradiction.

(2) = (1) : Let the equivalence be valid for any Q € F9¢. Suppose to the
contrary that (A, B) ¢ core(F). Then A’ C A, B’ C B exist with A’, B’ ¢ fin(S)
and (A’, B') € promise(F). Hence, we can find Q € F9¢ with A’ C Q, B’ C Q°.
But then A’ C ANQ and B’ € BNQR*, i.e. ANQ, BNQ° ¢ fin(S) - a contradiction
to the equivalence. O

Remark: By prop.5.4.(1) le.5.5.(2) is equivalent to: VQ € F9¢: (BN Q ¢
fin(S) & AnNQ° € fin(9)).

Theorem 5.6. If F is closed under finite variation, ANB = @ and A, B ¢ fin(S),
then the following statements are equivalent:

(1) (A, B) € core(F)

(2) AU B € cohesive(F)

Proof. (1) = (2) : Let (A, B) € core(F). Consider Q € F9°¢ with (AUB)NQ ¢
fin(S). Then ANQ ¢ fin(S) or BNQ ¢ fin(S). If ANQ is finite, BN Q must
be infinite. But then A N Q° € fin(S) by le.5.5. and therefore A € fin(S), which
contradicts the assumption A ¢ fin(S). Hence, A N @Q must be infinite. By the
same reason B N @ must be infinite, too. But then BN Q°, AN Q° € fin(S) by
le.5.5. and therefore (AU B)NQ° € fin(S). In total AU B € cohesive(F).

(2) = (1) : Suppose that AU B € cohesive(F). Let A C A, B’ C B and
A" B" ¢ fin(S). Then A/NB’ = P and A’'UB’ C AUB, i.e. A/UB’ € cohesive(F).
But then (A4', B') ¢ promise(F) by th.5.1. and therefore (A, B) € core(F). O
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Corollary 5.7. If F is closed under finite variation, A, B,C ¢ fin(S),B C C
and ANC = @, then (A, B) € core(F) and C € cohesive(F) implies (A,C) €
core(F).

Proof. Let A, B,C be given according to the assumption. Consider (A4, B) €
core(F) and C € cohesive(F). Then AU B € cohesive(F) by th.5.6. Since
(AUB)NC =B ¢ fin(S), we get (AUB)UC = AUC € cohesive(F) by le.2.8.
In conclusion (A4, C) € core(F) by th.5.6. O

Moreover, we obtain the transitivity of cores.

Corollary 5.8. If F is closed under finite variation and ANB = ANC' = BNC =
0, then (A, B) € core(F) and (B,C) € core(F) implies (A,C) € core(F).

Proof. Let A, B,C' be given according to the assumption. Let (A, B) € core(F)
and (B,C) € core(F). Then BUC € cohesive(F) by th.5.6. Hence C' €
cohesive(F) by prop.2.7. But now, (A, BUC) € core(F) by cor.5.7. and there-
fore (A, C) € core(F) by prop.5.4.(2). O

Combining th.5.6 with le.2.3. we get

Corollary 5.9. If F is closed under finite variation and F = F, then core(F) =
core(F?).

In contrast to the transitivity of cores, the property not belonging to promise(F)
is transitive only with an additional condition.

Lemma 5.10. Let F be closed under finite variation and ANB = ANC = BNC' =
0. If B € cohesive(F), then (A, B) ¢ promise(F) and (B,C) ¢ promise(F)
implies (A, C) ¢ promise(F).

Proof. Suppose that (A, B) ¢ promise(F), (B,C) ¢ promise(F) and (A,C) €
promise(F). Let Q € F°d with A C Q and C C Q°. Since B € cohesive(F),
BNQ or BNQ* has to be finite. By symmetry we can assume, that D = BNQ €
fin(S). But then, AUD C Q and CU(BND®) C Q% ie. (AUD,CU(BND®)) e
promise(F). Thus, (AU D,B N D) € promise(F), too and we can apply
prop.4.1.(8) and conclude, that (A, B) € promise(F) - a contradiction. O

As shown in [1] by a marking technique this kind of transitivity is not valid in
the general case. The same technique is used in

Example 5.11. Let X = {a,b}. Consider a language family £ satisfying the
condition of le.4.4. Choose A with A, A® ¢ L. Then (A, A®) ¢ promise(L) and
by le.4.4 (zA,xA°) ¢ promise(L) for any € X. Hence (a4, aA®UbA®), (aA®U
bA° bA) ¢ promise(L). But (aA,bA) € promise(L).

Next we want to show, that under some closure condition for F any (4, B) ¢
promise(F) contains a core of F. We shall use a construction similar to the
construction in the proof of the Dekker-Myhill theorem. For this purpose the
following lemma is crucial.



14

Lemma 5.12. If F* = F = F* and (A, B) ¢ promise(F), then for all Q € F
(ANQ,BNQ) ¢ promise(F) or (ANQ° BNQ°) ¢ promise(F).

Proof. Suppose to the contrary a @ € F9¢ exists, such that (AN Q,BNQ) €
promise(F) and (AN Q°, BN Q°) € promise(F). Then we can find Q12 €
Fde with ANQ C Q1,BNQ C QS and ANQ® C Q2,BNQ° C QS. Now,
A=(ANQ)U(ANGQ®) C(Q1NQ)U(Q:NQY) and B = (BNQ)U (BN Q) C
(QENQ)U(QSNQE). Let Qa = (Q1NQ)U(Q2NQ®) and Qi = (QSNQ)U(QSNQ).
Then QuUQp = QUQ® = S and Qa4 NQp = 0. Hence, Qp = Q5. Since
ACQa,BCQp=0Q% and Qa,Qp € F we get by the closure properties of F in
total (A, B) € promise(F) - a contradiction. O

Theorem 5.13. If F is denumerable, closed under finite variation and F* = F =
F*, then for all (A, B) with ANB =0 and (A, B) ¢ promise(F), A C A,B'CB
exist, such that (A', B") € core(F).

Proof. Let er : Ny — 25 with ex(Ny) = F and (A, B) ¢ promise(F). Then we
construct the following sequence of pairs (A,,, By,) for n > 0 inductively by

(Ao, Bo) = (A, B)

(An+t1,Bny1) =if (A, Nex(n), B, Nex(n)) ¢ promise(F)
then (A, Nex(n), B, Nex(n))
else (4, Ner(n)¢, B, Ner(n)°) fi.

Assertion 1: Vn >0: A,11 C A, B,y1 C B, and (A, B,) ¢ promise(F).

Clearly, An+1 € A, and B,+1 C B, for n > 0 follows directly from the def-
inition. The second part of the assertion is proven by induction on n. If n =0
then (Ao, By) = (A, B) ¢ promise(F) by assumption. Consider (A,+1,Bni1)-
If (A, Nex(n),B,Ner(n)) ¢ promise(F), nothing is to prove. Suppose (A, N
er(n), B, Nex(n)) € promise(F). Since F* = F = F°5, we get by le.5.12.
(Ans1,Bnt1) = (A, Ner(n)¢, B, Nexr(n)®) ¢ promise(F).

Assertion 2: Vn> 03k >n: Ap C A, and B, C B,,.

Assume n > 0 exists with A; = A, for all j > n. Since A, ¢ fin(S),z,y €
Ay exist with x # y. Since F is closed under finite variation, * € ex(m) and
y € ex(m)® for some m. Furthermore m > n, otherwise x and y can not be both
in A,. Hence, by construction either ¢ A,,11 or y ¢ A y1, i.e. Apmy1 # Ap,
while on the other side by our assumption A,,11 = 4,, = A, - a contradiction.
Analogously, m’ > n exists with B,y C B,. Choosing k = max(m, m’) we get
the result by ass.1.

On the basis of ass.2 a function g : No — Ny exists with Ay;11) C Ay C 4;
and Byir1) C Bgu) C B for any @ > 0. But then two sequences a; and b;
exist with a; € Ay \ Agit1) and by € By(;) \ Bgi41)(i > 0) and the property:
0<i<j=a; #a; and b; # b;. Hence, the two sets A’ = {a;|i > 0} and
B’ = {b;|i > 0} are both infinte. Furthermore, A’ N B’ = (), since A’ C A,B'C B
and AN B = 0.
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Now, we can show that A’'UB’ € cohesive(F). Then A’UB’ € core(F) follows
directly by th.5.6. completing the proof of the theorem.

Consider Q € F9¢ ie. Q = er(m) for some m > 0. Then (4,11, Bmy1) =
(A, Nexr(m), By, Nexr(m)) or (Ami1, Bmt1) = (A Nex(m), By, Nex(m)©).
Hence, by definition of ¢:

(1) Agm+1) U Bgms1) C Amy1 U Bpg1 C ex(m) or

(2) Agm+1) U Byims1) C Amp1 U Bmy1 C e]:( )e.
Consider the first case. Observe that A’ N Ay = {a;li > k} and B’ N By, =
{b;|i > k} i.e. almost all a; belong to A’ ﬂ Ag(k) and almost all b; belong to
B’ N By for any k > 0. Noticing A’NB =0 =ANDB', we get

= (A'UB")Nnex(m)

(A B') N (Agm+1) U By(m+1))
(A Agms1)) U (B N By(m1))
=(A'nB)\C

for some finite set C, i.e. (A"UB")NQ° € fin(S). Completely analogously, we
find in the second case (A'UB")NQ € fin(S). Hence, A’UB’ € cohesive(F). O

(A'uB)n

Corollary 5.14. If F is denumerable, closed under finite variation and F = F°°,
then for all (A, B) ¢ promise(F), A’ C A, B’ C Bewist with (A’, B') € core(F).

Proof. Since core(F) = core(FP) by cor.5.9., the conditions of th.5.13. are met
for FP. Hence, we find A’ C A, B’ C B with (A’, B') € core(FP) = core(F). O

The following example shows, that the closure conditions of th.5.13. respec-
tively cor.5.14. are necessary. If we look for example at the family of contextfree
languages which is closed neither under intersection nor under complement, we
find unsolvable promise problems without cores.

Example 5.15. Consider X = {a,b,c}. For z € X and w € X* let |w|,, denote the
number of occurences of z in w. Then define for z,y € X withz #y: L, , ={w €
X*|wle # |wly}. Lgy € Lef(X), moreover, Ly, is a deterministic contextfree
language, hence LS | € Leg(X). Consider A = L, ULy (ULc 4 and B = A = {w €
X wle = |wlp = [wlc} = L, N Ly . N LE ;. Then A € Lep(X), B & Lef(X), B €
Lef(X)%° and B € Leg(X)®. This shows (A, B) ¢ promise(Le(X)), (A, B) €
promise(Les(X)°) and (A, B) € promise(Lcs(X)3).

Now, suppose A, B’ ¢ fin(S) exist with A’ C A,B’ C B and (A", B’) €
core(Lqe(X)). Since A’ is infinite, A’ N L, , is infinite for at least one of the
pairs (z,y). Assume without loss of generality x = a and y = b. But then,
(A'N Lgp, B') € core(Lee(X)) and therefore (A" N Ly, B') ¢ promise(Les(X)).
On the other side, A’ N Lyp C Ly and B' C B C Lg 4 iee. (AN Lgy,B') €
promise(Ls(X)) and we get a contradiction.

We get one further corollary of theorem 5.13. For F and A ¢ fin(S) define
core(A, F) ={B|B ¢ fin(S),ANB =0 and VB’ C B,B" ¢ fin(S): (A,B') ¢
promise(F)}.
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Corollary 5.16. If F is denumerable, closed under finite variation and F* =
F = F%, then for all A, A ¢ FU fin(S): core(A,F)# Q.

Proof. By prop.4.1(4) (A, A®) ¢ promise(F). By th.5.13. A’ C A, B’ C A° exist
with (A’, B") € core(F). Then for any B” C B with B” ¢ fin(S), (A’',B") ¢
promise(F) and therefore (A, B") ¢ promise(F). O

6. COMPLEXITY CORES

We have seen that under the conditions of of cor.5.16. core(A,F) # O, pro-
vided there exists a B with (A, B) ¢ promise(F). We can improve the result
under the same assumption by connecting the elements of core(A, F) to the hard

cores (of complexity classes) introduced in a general form by Book-Du [2]. For F
and A define F(A) ={Q € F | Q C A}

Definition 6.1. (see [2]) B is a F-hardcore of A if and only if B ¢ fin(S) and
for all C € F(A): BNC € fin(S). If additionally B C A, then B is a proper
F-hardcore of A.

Lemma 6.2. If F is closed under finite variation with F = F and AN B =0,
then

(1) (A, B) ¢ promise(F) < B¢ € immune(F(A°)®).

(2) B € core(A, F) < B is a proper F-hardcore of A°.

Proof. We make use of the (trivial)

Assertion: AC Q and Q € F & Q € F(A®)°.

(1) Suppose (A, B) ¢ promise(F) and B® ¢ immune(F(A®)°°). Then Q €
F(Ac)e° exists with @ ¢ fin(S) and @ C B®. But then B C Q°, A C @ and
Q € Fd° - a contradiction.

Conversely, if (A, B) € promise(F), a Q € F9¢ exists with A C Q, B C Q°.
But then, @ € F(A°®)®® and @ C B°. Since A ¢ fin(S),Q ¢ fin(5), i.e. B ¢
immune(F(A°)°°).

(2) Consider B € core(A,F). Then by definition B ¢ fin(S) and B C A°.
Now, suppose that B is not a proper F-hardcore of A°. Then @Q € F(A€) exists
with BN Q ¢ fin(S). Clearly, BNQ C Q C A°. Moreover, A C Q° and Q € F =
Fde. Hence (A, BN Q) € promise(F), a contradiction to B € core(A, F).

Conversely, consider a proper F-hardcore B of A° and suppose, that B ¢
core(A,F), i.e. (A,B’) € promise(F) for some B’ C B with B’ ¢ fin(S). Then
Q € Fd¢ exists with A C Q and B C Q°. Since B’ C BN Q° ¢ fin(S) and
BNQ° C A°, Bis not a proper F-hardcore of A and we get a contradiction. [

In [2] R. V. Book and D. Z. Du characterize hard cores in the following way:

Theorem 6.3. ([2]) Let F be a denumerable set family and A ¢ fin(S). Then a
proper F-hardcore B of A exists if and only if A ¢ F* @ fin(S).

Furthermore they achieved the existence of recursive hard cores under the fol-
lowing conditions:
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Theorem 6.4. ( [2]) If L is WP-recursive, closed under finite variation and
L = L% then for any A € Lyee(X) \ L, a proper L-hardcore B € Lyee(X) of A
exists.

Combining le.6.2. with th.6.4. we obtain

Theorem 6.5. If L is WP-recursive and £ = L°, then for any A € Lyee(X)\ L :
core(A, F) N Lyee(X) # 0.

7. CONCLUDING REMARKS

It is natural, to consider n-dimensional promise problems (A,...,A,) with
A;NA; =0 and A; € Sfor 1 <i# j <mn. For aset family F the promise
problem is solvable if a partition (@Q1,...,Q,) of S exists with 4; C Q;,Q; €
F(1 <i<n). Forn > 2 cores of unsolvability can be characterized by cohesiveness
of A{U...UA,, too. But for n = 3 unsolvable promise problems exist, which have
no cores of unsolvability ( [1]).

Instead of Lyeg(X) we can use a much smaller language family in the variation
condition “L + Lyeg(X) € L7. Let Ligr(X) = {w1 L1 U... UwipLilk > 0,w; €
X* L; € fin(X*)°¢ 1 <i <k} = ((fin(X*)°)*")4. A lengthy and involved, but
elementary proof shows, that Ly,(X) is a boolean algebra and ltr-cancellative.
Then we can use always the variation condition “L + Ly, (X) C £”. Moreover, a
stronger result than le.3.2 and its corollary is possible, namely a complete charac-
terization of cohesive(Ly,(X)) by sequential functions.
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